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Abstract 

The particle, string and membrane charge multiplets are derived in detail from the decomposition of the 
l\ (charge) representation of En in three, four, five, six, seven and eight spacctime dimensions. A tension 
formula relating weights of the l\ (charge) representation of En to the fundamental objects of M-theory and 
string theory is presented. The reliability of the formula is tested by reproducing the tensions of the content 
of the charge multiplets. The formula reproduces the masses for the pp-wave, M2, M5 and the KK-monopole 
from the low level content of the l\ representation of En. Furthermore the tensions of all the Dp-branes 
of IIA and IIB theories are found in the relevant decomposition of the l\ representation, with the string 
coupling constant and a' appearing with the expected powers. The formula leads to a classification of all 
the exotic, KK-brane charges of M-theory. 



1 



Introduction 

The Kac-Moody algebra En has been conjectured to be the algebra describing the symmetries of M- 
theory [1]. The arguments used to make this conjecture were based upon previously unnoticed properties of 
D=ll supergravity, leading to its formulation as a nonlinear realisation which included the Borel generators 
of £7. These arguments lead to an En algebra in eleven dimensions encoding the symmetries of M-theory. 
Generalised Kac-Moody algebras, such as En, are not well understood and analysis of their content is 
hampered by the lack of a simple way of applying the Serre relations to the putative generators of the algebra. 
However En belongs to a class of algebras known as Lorentzian Kac-Moody algebras which have the property 
that the deletion of one node of the defining Dynkin diagram leaves behind a set of Dynkin diagrams of finite 
dimensional groups [2]. Progress has been made by decomposing the algebra into representations of finite 
dimensional sub- algebras which are graded by a level and analysing the content. Analysing the low-level 
content of the adjoint representation of En in this way one can reproduce the dynamics of the bosonic sector 
of D=ll supergravity. In addition one finds all the bosonic fields of the D=ll supergravity theory at the 
lowest levels of the decomposition as well as the dual gravity field leading to a dualised gravity theory. 

However in the original non- linear realisation of the En symmetry the translation generator had to 
be added in by hand. Space-time did not emerge from the adjoint representation of £11. It was proposed 
that one could more naturally include spacetime by enlarging the algebra to include its first fundamental 
representation, or the h representation, as well as the adjoint representation of En [3]. The success of this 
approach is that the translation generator is associated to the highest weight of the h representation and 
appears at the lowest level in the l\ representation. Furthermore one finds that the l\ representation contains 
generators having the correct index structure to be interpreted as the central charges of the supersymmetry 
algebra, even though the arguments used to conjecture an En symmetry considered only the bosonic fields 
of supergravity. 

The associations between the h representation and the adjoint representation of En as well as other very- 
extended algebras have been studied in detail in [5] . It has been proposed that the full set of brane charges 
of M-theory are contained in the h representation of En [3] and, in fact, for every generator of the adjoint 
representation of En one can associate a half-BPS brane solution [4] and in the l\ representation one can 
find a corresponding generator associated with the conserved charge on the brane. Following the proposition 
that the l\ representation contains the brane charges of M-theory, the brane charge multiplcts in three 
dimensions which are predicted by U-duality [6,7,8,9,10] have been found inside the h representation [11], 
and the particle multiplct has been identified in all dimensions from three to eight in [12]. To find the three 
dimensional charge multiplet the dimensional reduction on an 8-torus was carried out as a decomposition of 
the l\ representation into representations of an A 2 ® Eg sub-algebra. In this paper we further the arguments 
in favour of the relevance of the l\ representation by deriving all the possible charge multiplets from its 
algebra in three to eight spacetime dimensions. 
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If the conjecture is true that string theory, and M-theory, do carry a Kac-Moody algebra one may hope 
to better understand the algebras by making connection with areas of string theory that are well understood. 
One direction forward is by the introduction of group theoretical constructions that can be argued to have 
a clear interpretation in terms of the string theory. The most fundamental properties in a physical theory 
are those that give rise to the simplest dimensionful quantities. Space and time are already present inside 
the algebraic construction, via the local Lorentzian symmetry algebra, but a natural interpretation for mass 
is missing. In the case of string theory a non-perturbative concept amenable to study is the tension of BPS 
p-branes, or the mass per unit volume. Indeed previously [6,7,8,9,10] a group theoretical tension formula 
has been constructed as an empirical tool to discover the charge multiplcts of M-theory and string theory 
by application of U-duality symmetries. It is our principle aim in this paper to derive this tension formula 
in the context of En and to check our formula by duplicating the tensions found in the U-duality charge 
multiplets. 

A by-product of the tension formula that will be derived is the observation that most of the h represen- 
tation is associated to exotic charges carried by KK-branes, which are higher-dimensional generalisations of 
the KK-monopole and provide a higher dimensional origin to certain brane charges and KK-modes in lower 
dimensions (see, for example, [21,22]). Some of these KK-brane charges have been observed as a consequence 
of U-duality in [6,7,8,9,10]. The l\ representation of En includes all the exotic KK-brane charges expected 
by U-duality transformations, and these are organised into finite sets within the l\ representation. The 
interpretation of KK-brane charges offers a new way to decompose the En algebra, and conversely the l\ 
representation also offers a classification of all the KK-brane charges expected in M-theory. We will present 
the full set of the simplest class of KK-brane charges expected in M-theory, as well as in the IIA and IIB 
string theories. 

The discussion in the paper will be split into two parts. First in sections 1 and 2 we will give explicit 
decompositions of the l\ algebra. In the first section we will give the decomposition of the l\ representation 
of En relevant to the eleven dimensional theory as well as the decomposition to the two ten-dimensional 
theories. We present this original decomposition using an explicit basis for the root lattice vector space that 
has not been used in the En literature previously that will greatly simplify our observations later in this 
paper. In section 2, we study the h representation and identify how the charge multiplets are organised inside 
the representation, we then derive explicitly the charge multiplets of M-theory in three to eight dimensions. 
The abstract decomposition of the l\ representation into representations of Ap-i <8> En-D for D spacetime 
dimensions is given in section 2.1. In section 2.2 we give the criteria for finding rank p charges in the Ad-i 
algebra and find the corresponding representations in the En-D algebra. In the remainder of section 3 we 
reproduce the particle, string and membrane charge multiplcts in various dimensions and give the tensions 
of the exotic charges according to the formula that will be presented later in this paper. The tensions for the 
particle and string multiplets confirm the findings in the literature but the membrane multiplet charges have 
not been presented explicitly before. In the second part of the paper, commencing with section 3, we will 
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present a tension formula and use it to derive the tensions associated to the fundamental objects of M-theory 
and string theory in section 3.3 from the roots of the l\ representation, based on the computations in the 
section 1. Expressions for the tension associated to any root in the l\ representation are given in section 3.3 
and the simplest KK-brane charges are listed in their entirety. 

1 The li representation of En 

En is described completely by its Dynkin diagram which is found by attaching three additional roots 
to the longest leg of the E s diagram, each extra simple root having the same length as any root of E s . 
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By deleting the exceptional node, labelled eleven, one finds representations of the remaining Aiq sub- 
algebra, graded by the level, which is the number of times the deleted simple root must be added to the Aio 
root to make it into an En root. Decomposing the algebra in this way one finds the adjoint representation 
of En and at the first few levels one finds the gravitational field, a three-form field, a six-form field and the 
dual to gravity field. With the exception of the dual to gravity these fields are well-known bosonic fields 
from eleven dimensional supergravity. Dimensionally reducing the algebra to D dimensions corresponds to 
deleting different nodes of the Dynkin diagram leaving representations of A^-i sub-algebras. For example 
in the reduction to ten dimensions there is choice of which nodes to delete and this gives rise to one of the 
most beautiful aspects of the construction, namely that the two choices correspond to the choice of IIA or 
1IB theories in ten dimensions. More explicitly one deletes nodes of the En Dynkin diagram so as to leave 
behind an Ag Dynkin diagram (a line of nine connected nodes). One can do this in two ways, by deleting 
nodes f f and 10 or by deleting node 9, which yields the bosonic fields of the IIA and IIB theories respectively 
in an elegant way. 

The representations of En other than the adjoint are also interesting and of direct relevance to the- 
oretical physics. The l\, or charge, representation of En is believed to contain all the brane charges of 
M-theory in the En weight lattice [3]. The decomposition of this algebra to different spacetime dimensions 
also corresponds to the deletion of different nodes of its associated Dynkin diagram. Of interest to physicists 
are the decompositions giving representations of SX(ll) and SX(10) sub-groups, which give generators in the 
algebra conjectured to be the brane charges of M-theory and the two ten-dimensional supergravity theories 
respectively. In section 1.1 we will give the decomposition relevant to M-theory and in sections 1.2 and 1.3 
we make the decompositions connected to the IIA and IIB supergravity theories. The presentation in this 
section will differ cosmetically from much of the literature in that it will make use of a vector space basis 
denoted herein by {e 2 } vectors instead of the more usual simple root basis, cdi. 

We recall that the li representation of En takes the first fundamental weight of En, li, associated to 
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the translation generator, and treats it as the highest weight of a representation in the En weight lattice 
[3]. Alternatively one can obtain the l\ representation of En by extending the En Dynkin diagram with 
a node attached by a single line to the longest leg of the En diagram, giving the Dynkin diagram of £12 
shown below, and one then restricts to just those roots with the coefficient of the extra root, a*, set to one. 
In other words one decomposes Eyi by the deletion of the node a* and the l\ representation of En is found 
at level one with highest weight l\, the first fundamental weight of En- 




A general root appearing in the Ei% root lattice with = 1 has the form: 

11 

— a* + micci 
i=i 

Before beginning the decompositions of our algebra a few comments about the root lattices of generalised 
Kac-Moody algebras are in order. Whether or not the generic root (3 appears in the root lattice depends 
upon the application of the Serre relations which, in terms of the Chevalley generators, are, 

[E i ...[E i ,E j }...}=0 [F i ...[F i ,F j ]...]=0 

Here there are (1 — Ay) Ei generators (Fi generators in the second relation) where Ay is the Cartan matrix 
associated to the Dynkin diagram of the algebra. One consequence of the Serre relations is that 1 < 2 for 
roots in the l\ lattice. Another consequence is that any root appearing in the lattice must have connected 
support on the Dynkin diagram. These and another readily defined condition, on the index structure of 
generators appearing in the algebra to be discussed later, are sufficient to capture much of the the Serre 
relations, and are far easier to apply computationally. The application of the Serre relations in a simple 
manner is an open problem in mathematics and later on when we give explicit roots in the lattice at high 
levels these are the criteria that will have been applied. 

1.1 The eleven-dimensional theory 

Our aim here is to decompose the l\ representation into representations of a preferred A\q sub-algebra, 
giving representations of S'-L(ll). This decomposition has been made previously [5] but here we will present 
the results using a vector space basis {e*, e\, . . . en} for the root lattice that will simplify later calculations 
in the paper but has not been much used in the literature previously. The preferred Ao algebra is given by 
the Dynkin diagram of E12 shown above when the nodes indicated by a * and 1 1 are deleted and is called the 
gravity line in this decomposition. The generators will be SX(ll) tensors graded by a level and are believed 
to be the brane charges of M-theory. 
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We first decompose the roots into components in the En lattice and a vector orthogonal to it, which 
we shall call y, by writing 

a* = y — h 

Where l\ is the first fundamental weight of En, we recall that fundamental weights are dual to the corre- 
sponding simple roots of an algebra: 

< Aj, ctj >= 5ij 

Where Aj denotes the i'th fundamental weight and a, are the simple roots indicated by the Dynkin diagram 
of the algebra. In this case, a 2 = 2 and l\ = i, so that y 2 = |. It will be useful later to consider an explicit 
vector space basis for our root system. We introduce the basis {e*, e\, . . . en} endowed with the Lorentzian 
inner product: 

n 11 n 

<a,b>=^2 a i b i - g a% Y h i 

i=* i— * j — * 

Where a — J2iL* a i e i an d similarly for b. We represent the simple roots of Ei 2 in this basis with, 

cti = e l - e l+1 i = *, 1, 2 . . . 10 
an = eg + e w + en 

So that the inner products between the simple roots encoded in the Cartan matrix are reproduced, and all 
roots have length-squared normalised to two. In this notation the vector y is, 

y = e* - -(ei + . . . + en) 

A generic root in the h representation therefore takes the form: 

n 



P = y-h +Y miai 



»=i 

And defines the weight vectors in the En lattice descended from the highest weight If. 



K = h - ^ mjOLj 



We may further decompose 1 the root into components with roots in the A w lattice and a vector orthogonal 
to it, z. We write, 

an = z - A 8 



1 We note that in the En literature mn, the coefficient of an, is often referred to as the level of the 
decomposition and denoted I, but here, since we will consider decompositions characterised by more than 
one level we will continue using the notation mn. 



Where Aj is the i'th fundamental weight of A w , defined in relation to the simple roots of A w by < A^, aj >= 
Sij. Explicitly, 

z = — (ei + . . . + en) 

Where z 2 = — . The fact that the orthogonal component has an imaginary length is the sign of an indefinite 
algebra - from the Serre relations which define the Kac-Moody algebra we deduce that all roots in the algebra 
have length-squared less than or equal to two. ft is the existence of a negative contribution to the root length 
that leads to an infinite algebra. It also allows us to sensibly decompose the infinite algebra into infinite 
copies of a finite algebra graded by the orthogonal imaginary component. 
We note that a* = y + \z — \\ in this decomposition. So that, 

3 

j3 = y + (-+m 11 )z- A 

Where, 

10 10 
A = Ai + 77liiA 8 - ^2 m i a i = y^PA 
i=l i=l 

A is a highest weight representation in the weight space of Aiq, 5X(11). By taking the inner product with 
the fundamental weight Aj we find the coefficients of the simple roots in (3, 

^(3m n + A - 1) - Bj + 1, j < 8 

^-(-8mn + A - 1) - Bj + 8m n + 1, j>8 

Where we have defined the useful, integer expressions A = J2i=i*Pi an< ^ Bj = Y^i=i Wi + jJ2i>j Pi-The 
simple root coefficients must be positive integers. So a general solution is given by 

mn = ^(-A + l + Uk) (1.1) 

Where k is an integer which is bounded from below by the condition that mi > 1, implying that k > "^Pi- 
Let us explicitly realise the lower bound on k by rewriting k as 

10 



i=i 



Where C is a constant greater than or equal to zero. Substituting this expression for k into the expression 
for the level, mn, we have, 

1 10 

mn = -(^(ll-i)f>i + l + llC) 



i=i 

At each level mn we will find representations of SX(ll) described by the p, and the new parameter C. We 
can now give a direct interpretation of C in terms of the blocks of antisymmetrised indices that appear on 
the SX(ll) generators. We recall that the l\ representation as a representation of SL(1\) is formed from 
its highest weight, the translation generator, P a , by its commutator action with the three-form generator, 



iJ aia2 °3 i At level mn the three form generator acts mn times on the translation generator. Consequently 
we can express the number of indices, #, of any generator appearing at level m\\ as 

# = 3mn - 1 

By the same analysis one can see that number of indices on the generators of the adjoint representation of 
i?n is three times the level [20]. Substituting the expression for raw we have, 

10 

# = 2(11 - i) Pi + 11C 
i=i 

The first term gives the index structure of an S'L(ll) tensor, that is the p, control the blocks of indices in 
our generator of length less than eleven, while C, controls the number of blocks of eleven antisymmetrised 
indices. Blocks of eleven indices are proportional to the completely antisymmetric tensor, or volume form 
e, in eleven dimensions, and correspond to trivial representations of SX(ll). We therefore note that an 
interesting choice is to set C = and so k = ^Pi, if we do this we exclude from our algebra any generators 
containing the volume form, e. 

Substituting our expression for ron into the simple root coefficient expressions above we have: 

_(jk-B j + l, j<8 
m 'J {muiS-ti+jk-Bj + l, j>8 

To reiterate we have solved the problem of finding which roots occur in the Ei 2 lattice at a particular level 
mn (with = 1) in terms of an integer k which is bounded above and below. We observe that mi > 1 
since we are considering irreducible representations meaning that roots in the algebra must have connected 
support on the Dynkin diagram 2 (and do not form a sub-algebra) and, by construction m* = 1, therefore 
any root in the h representation must have mi > 1. In our notation above, the variable k is bounded from 
below in terms of the weight coefficients of the Aiq representation at each level: 

10 

i=l 

Consequently we find the generic root (i corresponding to the l\ representation of En: 

10 10 

[3 = e* + ^2(k-^2p l )e n + ke 11 (1.2) 

n— 1 z— n 

Such that, 

1 10 

1 = _(8 - A 2 + 2A - 22k 2 - 22k + 4Ak) + J^piBi 

i=i 

2 That is, the non-zero coefficients of a root in E\2 are all connected by the links of the Dynkin diagram 
when laid out on top of the diagram. 
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The fact that 1 = 2,0, — 2 . . . gives an upper bound on k. An interesting class of roots occurs when we 
consider the lower bound for k, i.e. k = ^ i pi 1 which corresponds to generators having no blocks of eleven 
antisymmetrised indices, i.e. not including volume forms, e. In this case, 

. 10 10 

= gt 8 + Z>* ( n - o(* - 2 ) - 2 X>( n - o + 2 Ew( u - - 2 )i ( L3 ) 

z— 1 z— 1 j>« 

We recall that a putative root exists when 1 = 2,0, —2 ... is satisfied by the weight labels pi for a given 
level mil. At low levels one finds the translation generator, P a , a two-form, Z ab , and a five-form, Z abcde . 
These are tensors which have the correct index structure to be interpreted as the central charges of the 
supersymmetry algebra in eleven dimensions. This is quite surprising not least because we have been working 
solely with bosonic fields but also because the charge algebra is infinite and continues beyond the well-known 
supersymmetry charges. We list the low- level content derived in this section in table A.l in the appendix. 
The results of this computational problem were originally given in [5] and in the notation of this section, 
and to much higher levels, in [16]. 

1.2 The ten-dimensional IIA theory 

We now carry out the reduction from the eleven-dimensional theory to the ten dimensional one, which 
has previously been carried out in [5], but as noted earlier we will use a different notation useful to our 
later computations. The IIA theory may be obtained from the eleven dimensional supergravity theory by 
dimensional reduction on a circle [23]. In terms of the algebra we delete a node of the A w lattice that gives 
an A 9 lattice. For the li representation this means the deletion of a w in addition to the deletions of a* 
and an given in section 1.1. The procedure is an extension of that carried out in the previous section. We 
denote, 

aio = w - vg 

Where Vi are the fundamental weights of the Ag lattice containing the roots ai, (*2, ■ ■ ■ ag. So that w 2 = 
and 

w = ^( e i + • ■ • e io) - en 



In this decomposition we have, 



Therefore, 



3 1 

a * = v + 2 Z ~ YT W ~ Vl 



an = z-va- —w 



3 18 
(3 = y + (- + mn)z + (-— - j^mii + m w )w - A 



Where A is a highest weight in the Ag algebra, specifically we have, 

9 



A = vi + mn i/8 + mio^g - rrnai = ^^pm 



i=l 



Taking the inner product with Vj we find, 

m = ( To(-A + 8 mil + 9m w + l), j = 9 

mj \^(^ + 2mii+mio-l)-Bj + l, j<8 

Where A — Y^t=i ^Pi an< ^ = Si=i + i ^i>j P* - ^° ^ nc ^ integer coefficients we find solutions param- 
eterised by two variables, q and k, and related to the two deleted nodes of the En part of the Dynkin 
diagram: 

mn = ^(-A-q + 9k+l), 
mio = q + k, 

m 9 = mn + 9, 

mj = fcj — Bj + 1, j < 8 

We note that k > Y^=iPi an d 9 — The solution corresponds to SL (10) tensors with 2mn + m w — 1 
indices, associated to mn adjoint actions of i?" 1 " 2 , mio actions of R b and one action of the translation 
generator, P c in the algebra. Denoting the number of indices on a generator appearing in the algebra by #, 
we have, 

# = 2mn + mio - 1 
= -A+ 10k 

9 

= ^](10 — i)Pi + 10C 
i=i 

Where in the last equality we have expressed the lower bound on the variable k by writing k — J2i=i Pi + C 
where C > is a constant. We see that C controls the blocks of ten antisymmetrised indices appearing in 
the algebra, which are related to trivial representations of SL(10). By setting C — and so k = J2i=i Pi we 
neglect these trivial representations whose generators carry blocks of ten antisymmetrised indices. However 
for general k we have, 

9 10 

P = e * + ^2( k ~ X^) e " + kei ° + ( mn - m io) e n (!- 4 ) 

n— 1 z— n 

And, 

9 

1 = 1 + 2q 2 + 2k 2 + A(q-k)-6qk-q-k + ^p l B l 

As mentioned, the interesting set of solutions is given by considering k — J2 i=1 Pi and let us rewrite q = k + a 
where we have shifted q to simplify the notation and a > —2k is an integer. In this case we have, 

9 10 

1 = 1 + a(2a - 1) + Y,P^ - 2 ) + X>W* ~ 2 ) ~ 2 ) + 2 ~ 2 ) 

z— 1 i— 1 j>i 

The results of this section arc readily used to compute the charge algebra corresponding to the II A theory 
and the weights at low levels are shown in table A. 2 in the appendix. Amongst the charges we find a scalar, 

10 



Z, the charge of the fundamental string Z a , the NS5 brane charge, Z ai - as and even forms 2" 1 " 2 , z ai - ai , 
Z ai — ae , Z ai --- as corresponding to the Ramond-Ramond brane charges of the DO, D2, D4, D6 and D8 branes 
of type IIA string theory. 

1.3 The ten-dimensional IIB theory 

The charge algebra corresponding to the IIB theory, which has not been presented in the literature 
before, is obtained by deleting a*, ag and aio from the Dynkin diagram of £12 and finding representations 
of the Ag algebra whose positive simple roots are ai, 02, ... as and an. In this decomposition we delete, 

1 

a* = y + x - -v - m 
5 

a w =x- -v 
ag = v - tt 8 

Where we denote by /Xj the fundamental weights of the Ag Dynkin diagram dual to the roots {ai, . . .as, 
an}. We have introduced the vectors, 

!/ x 2 1 

x = -(ei + . . .e w ) + en, x = -- 

l < x !/ x 4 2 2 

v= -{ex + ...eg)- -{e w ) + -en, v = - 

Now, 

1 5 

P = y+(l + m w )x + (-- + m 9 - -m w )z - A 

Where, 

8,11 8,11 

A = Mi + ™9M8 - ^2 miUl = X! Pi/J,i 
i=i i=i 

By taking inner products with the fundamental weights of the Ag we find, 



±{-A + 8m 9 + l), 3 = 11 



J 5 (A-l + 2m g )-B j + l, j< 



We parameterise the roots using nig = h(— ^4 + 1 + 1 OA; ) and find, 



m-i = 



rag — k, .7 = 11 

jk-Bj + 1, 'j<8 



In this case we have A = *P« + 9pn arL d Bj = X^i=i + J Si>j P»- The solution gives tensors of A10 

which have 2mg — 1 indices, counting the number of actions {nig) of the two form generator Z" 1 " 2 contracted 
with the translation generator P a . Let us use # to denote the number of indices on an arbitrary generator 
appearing in the algebra, then, 

# = 2m 9 - 1 
= -A+ 10k 

8 

= ^(10 — i)pi + pu + 10C 

i=l 
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The last term counts blocks of ten antisymmetrised indices, corresponding to trivial representations of 
SX(10), and by setting C = 0, and thus k = Y^,=\Ph we disregard these representations. Note that in this 
case we have an SL(2) symmetry corresponding to the aio root that was deleted and not directly attached 
to the Ag gravity line of roots. This SL(2), given by a Dynkin diagram with a single node, has its own 
weight lattice. The fundamental weight in this A\ diagram is v = One can find the components of 

the vectors orthogonal to the Ag lattice, x, v which are in the v direction: 



i 1 I 

2 



2 <X,V>=-- <«,!/>=-! 



Therefore by writing the A\ highest weight as qv we find, taking the inner product with v, 

™io = ^(m 9 - q) 

If we parameterise q = mg — 21, we have, 

TOlO = I 

Consequently, 

9 8 : 11 

/? = e* + - J^p l )e„ + fc)eio + (mg - k - l)en (1-5) 

n— 1 i—n 

And, 

8,11 

/3 2 = 1 + 21(1 - m 9 ) + 10fc 2 - 2kA + ^PiB, (1.6) 

i=l 

We write the root length squared in this form to illustrate the point that if mio = I gives a solution (i.e. 
root length squared less than or equal to two) then so does mio = mg — I which is due to the Weyl reflection 
perpendicular to aio- For the special case k = Y^i=\Pi then, 

8 8 3=8 

(i 2 = l + 1(21 - 1) + ]>> 2 (10 - i) +p 2 u - ]T^(10 - i) +2^p i% (10 - j) + 2 ^ p iPu 

i— 1 i— 1 j>i i<ll 

The results of this section are used to compute the charge algebra corresponding to the IIB theory to 
low-levels in table A. 3 of the appendix. Amongst the charges we find odd forms Z aa , Z ai --- a3 , Z 0l -° 50! , 
r?a 1 ...a 7 (up) an j r?a 1 ...a a {ai3i) corre spondmg to the brane charges of the fundamental string and the Dl 
brane; the D3 brane; the D5 brane and the NS5 brane; D7, D9 branes as well as their S-dual charges of IIB 
string theory. The Greek indices a, (3 . . . transform under the SL(2) symmetry. 

2 Exotic charges 

The U-duality transformations of toroidally compactified M-theory are the Weyl reflections of an E n 
root lattice with different brane states being represented by weights of E n [6,7,10,17,18]. A group-theoretic 
approach to uncovering U-duality E n multiplets was given in [8,9] and we will recover aspects of this analysis. 
The weight vector corresponding to the brane solution encodes the tension of the BPS brane states and 
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application of the Weyl reflections of E n fills out the U-duality brane charge multiplets. Foe example the 
particle multiplct was discovered by encoding the well-known particle brane solution as a weight vector and 
then applying the U-duality transformations to it. The new solutions found under the action of all the 
combinations of the U-duality transformations completed the particle multiplct. In this construction the 
tension weight vector was introduced as an empirical tool. The brane multiplets containing the particle 
and string charges were recognised as fundamental representations of the E n algebra. For example upon 
dimensional reduction to three dimensions (n=8) the particle multiplet has highest weight Ai (248) and the 
string multiplet A7 (3875), where \ are the fundamental weights of E n . This work is discussed in detail in 
the original papers [6,7,10,17,18], but especially in the review [9]. 

In addition to the expected brane charges, coming from the dimensional reduction of charges associated 
to brane solutions in eleven dimensional supergravity, many exotic charges were also present in the U- 
duality charge multiplets whose higher dimensional origin was unknown. Exotic charges, in other words, 
are not derived from the dimensional reduction of the central charges appearing in the decomposition of the 
antiicommutator of the eleven dimensional supercharges [25] , 

{Qa, Qp} — ^afjPM + 2^ap N ZmN + TPQR Z ' M N PQR 

For example by dimensionally reducing Pm,Zmn, Zmnpqr to five dimensions one recovers the 6 © 15 © 6 
= 27 of SU(6) by assigning all the central charge indices to be internal indices. This agrees with the U- 
duality particle multiplet in five dimensions found in [6,7,10,17,18]. However the particle multiplet in four 
dimensions derived from the central charges of the eleven dimensional supersymmetry algebra reproduces 
only the 7© 21 © 21 = 49 of the degrees of freedom of the 56 of SU(6), which is the representation of 
the particle multiplet in four dimensions. The extra seven charges found in the particle multiplet in four 
dimensions are derived from the dimensional reduction of charges other than the usual central charges of 
the eleven dimensional superalgebra and are exotic charges. These extra states in D — 4 were associated 
to the compactification of the KK6 monopole, having charge Zmnpqrst,r which does not appear in the 
supersymmetry algebra, wrapping the T 7 in the compactification. In D — 3 many more exotic states were 
uncovered in the charge multiplets whose eleven dimensional origin was unclear. 

The conjecture that the l\ representation of En contains the full set of brane charges of M-theory gave 
an eleven-dimensional origin to these observations [5]. The Weyl group of the E n sub-algebras, appearing 
upon dimensional reduction, being implicitly included from the outset. Furthermore the inclusion of the 
charge associated to the dual to gravity field in the eleven-dimensional algebra, the field giving rise to the 
KK6 monopole, from the outset explains the appearance of the exotic states appearing upon reduction to 
D = 4. The l\ representation of En contains an infinite set of charges in addition to the central charges of 
the supergravity algebra and the charge of the KK6 monopole. It is these extra charges which give an eleven 
dimensional origin to the exotic charges appearing in the U-duality brane charge multiplets. These exotic 
charges are all associated to KK-branes, which we will consider further in section 3. 
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In this paper we will derive essentially the same tension formula that played a crucial role in uncovering 
the U-duality multiplcts in [8,9] but the expression given here will have a simple origin in the En conjecture. 
Compared to the original work uncovering the U-duality multiplets we will work in a reverse sense. First 
we will derive the brane charge multiplets from En and then second we will apply a tension formula to 
the results. Our aim will be to demonstrate the validity of the tension formula, but to do so we will first 
decompose the l\ representation of En to various dimensions (3 < D < 8) and identify the brane charge 
multiplets. We note that the reduction to three dimensions of the l\ representation of En has previously 
been carried out in [11] and the particle multiplet has been derived from l\ representation in dimensions, D, 
where 3 < D < 8 in [12] in all cases the results were in perfect agreement with the U-duality multiplet of 
charges. 

In this section we extend the work of [11] and outline the decomposition of the l\ algebra to arbitrary 
dimensions, D < 11, which is the algebraic equivalent of compactification on a (ll-D)-torus and then apply 
the tension formula, which will be derived in section 3, to the charges that are found. 

2.1 General decomposition 

Let us give the decomposition of the l\ representation of En m terms of its Au-\ and En-D sub- 
algebras. The details of this decomposition can be found in [11]. 

To find the l\ representation of Ad_ 1 <g) En-D we delete the node labelled D, in figure 2.1, to obtain, 

* 1 2 D ^ 7-D 8-D 9-D 10-D 

Figure 2.1 The decomposition of E\i to Au-\ ® En-D 

For example, to find representations of A4 ® Eq we delete the fifth node. The two deleted roots may 
be expressed in terms of vectors in the root space of En with components orthogonal to the vectors in the 
remaining root space after deletion of nodes * and D. We carry out the decomposition to A0-1 ® En-D by 
expressing the D'th root, oid, in the form, 

i=n 

a D = -i< + x, v = - 2_j Ai(A (Bll ))j£) 

Where (A(En))iD is the i,Z)'th component in the Cartan matrix of En, a; is a vector in the root lattice 
orthogonal to all the remaining roots after the deletion of old , and now \ for i = 1 ... D — 1 are the 
fundamental weights of Ad_i, and when i = (D + l) ... 11 they are fundamental weights of En-D- Denoting 
the fundamental weights of the decomposed En by we have, 

, 1 

x z 

k - Af ) - ^4^x 

X 1 
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Where r is either 1, referring to the Ap-i sub-algebra, or 2, referring to the E\\-d sub-algebra. In this 
notation, 

,(1) < A l ) A D-1 > . 

a* = -Aj 5 X + y 

We now return to our consideration of E\i, a general root of which is given by, 

n 

fi = m^a* + m D a D + ^ to^ 

4 = 1, i^D 

For a positive root, m*, hid and are positive integers. Substituting our expressions for a* and qj, we 
obtain, 

<A (1) ,A« > 
(3 = m*y + (m D - m* 1 ' 2 D_1 — )x - ^ A (r) 

(r=l,2) 

Where, 

i=l, i^D 

Adopting the notation to- 1 ' = m i7 to- 2 ' = ft, A^ = ft and A^ = A,, we have, 

D-l D-l 

A (1) = - rriiOip + m D ii D -i + m*ft = g^ft 

i=l i 
U-D 11-D 

A(2) = - E ni^ 2) +m D Ai = ]T 

Taking the inner product with ft and Xj respectively we obtain expressions for the root coefficients, n 4 and 

mi, 

A D -i : - rrij ; = q { < ft, ft > -m D < ft}_i,ft > -to* < ft, ft > 

(2.1) 

£n_£> : - ft- = y^Pi < A i; Aj > -to_d < Ai, Aj > 

i 

We make use of formulae for the inner products of the fundamental weights of £n-n derived in appendix 
A of reference [11], 



A,; = < 



ft + -#oZ, i = 1,.. .,8- D 



D-2 

-D)(U-D-i) 



h+ K 'd-2 z ^ i = 9-D,10-D (2.2) 



(D-2) 



z, i = ll-£> 



These weights are derived by deleting the n'th node with respect to an E n diagram, z is the vector in the 
root space corresponding to the linear independence of the n'th node and ft are the weights of the A n -\ 
subalgebra, where n = 11 — D. We note that z 2 = jfEj) anc ^ 

,2 9 D-l 

Al =< > + (^-2)(ll-^) - ^2 

Consequently, 

2 2, 2 ,\2 2 , 1 , ^ 1 

a D =x + + Ai = a; + — — + — - 
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Normalising o? D = 2 gives, 

2 _ -2 
X £)(£)- 2) 

We note that the vector x is given explicitly in our basis by: 

1 / . 1 - 

x = zr 1 + --- eD > + jyz^y eD + 1 + ■■■ eil > 

2.2 Rank p charges 

We commence by looking for p-brane charges, that is rank p charges with all indices in the spacetime 
algebra, Z ai --- a ". This corresponds to a representation of the A D _ X sub-algebra with highest weight ^d- p , 
where we recall that /x, are the fundamental weights of A D _i. The condition we must satisfy is that 

i 

A hd-p weight in the Ad-i sub-algebra of our decomposition leads to constraints upon the values to be 
taken by the root coefficient run- 

We are interested in the decomposition of the h representation of En and as such we take m* = 1 and 
from the Ap-i equation in (2.1) we obtain, 

-m,j =< y^ D _ p ),Hj > -m D < > - < > 

= ((D-p-l)-j 5 (D-p-l + m D ), j>(D-p) (2.3) 

\-l + %(p + l-m D ), j<{D-p) 

Since — rrij must be integer valued and negative we find a simple set of solutions for mjj having the form, 

m D = p+l + kD (2.4) 

Where k is a constant bounded from below because mi > 1, implying that k > 0. The solution corresponds 
in the algebra to mo adjoint actions of a generator R a with the translation generator P c . The resulting 
generator in the algebra has mo — 1 contravariant indices. Let us denote the indices by then, 

# = m D - 1 
= p + kD 

The variable k corresponds to blocks of D antisymmetrised indices in the SL(D) algebra, and indicates the 
occurrence of trivial representations of SL(D). By setting k = we may neglect these representations and 
simplify the algebra. 

Having found a criterion for mj corresponding to a p-brane charge in the An-i sub-algebra, we now 
turn our attention to restrictions on specific weights of the E\\-n sub-algebra consistent with the values 
of mo corresponding to a rank p charge. We commence by finding conditions for representations of single 
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fundamental weights of Eu-d, K, for which we set X^Pi^i = ^« m (2-1) an d making use of equation (2.2) 
we find, 



-rij =< Xi, \j > —m D < Ai, Xj > 

i - m D + 532(1 - m D ), 
j - m D + -^(i - m D ), 

2(ll-£>-j) 1 ■ \ 

^2(1 -m D ), 



i<8-D 



j<8-D,i<j 
J < 8 - D, 1 > j 
j = 9 - D, 10 - D 

j = n-D 



-m D + ^(2(11 -D-i)-m D ), / 25 n 

() DW D ) 2 " ! -'"'/-• j = 9-Aio-Ai<j 

S ^(4(11 -£>-«)- 2m D ), j=9- A10- A*> j 

^((8-£>)(H-£>-0-3m D ), i = ll-D 

-mD + ^2(3 - m D ), j < 8 - D 

ii^i(8- J D-2m D ), j = 9- £>,">- 
^(ll-^-Sm^), j = ll-D 



j < 8 — D 



i = 11 — D { 



The simplest case with a solution is dependent upon the choice of fundamental weight Ai and is 



i + l(D-2), 
m D = { 2(11 — D — i) + l(D - 2), 
3 + l(D- 2), 



i < 8 — .D 

i = 9- A10--D 
i = 11- D 



(2.6) 



Where Z is a positive integer or zero, which indicates trivial representations of Ai-n- Substituting the 
solution for tud into the expression for the simple root coefficients, rij, given above we have, 



= < 



i = 9- A10--D 



— rij =< A i; Xj > —m D < Ai, Xj > 

!-l(D-2)-lj, j <8- D,i<j 

j-i-l(D-2)-jl j<8-D,i>j 
-21(11- D-j), j = 9-D,10-D 
-31, j = U-D 

-2(11 -D -i] )-l(D- 2) -Ij, 
(11-D- j)((D- 10) + (21 + 
-21, 

(-11 + D + i -2,1), 
( -m D - jl, j < 8 - D 

i = 11 - D I (11 - D - j)(-l - 21), j = 9 - A 10 - D 
1-1-3/, j = U-D 

The dependence on the parameter I is made manifest and we see that I > 0. Notice that when Ai-d is 
decomposed into representations of SX(11 — D) by deleting node (11 — D), the parameter I indicates blocks 
of 11 — D antisymmetrised indices. Explicitly, deletion of node (11 — D) together with the deletion of node 
D leads to tensors with 3nn_£> — bid which we denote # so that, 



j <8-D 

j = 9-D,10-D,i<j 
j = 9- A 10- D,i >j 
j = U-D 



-i + l(ll-D), 
#= { (11- D-i) + 1(11- D) 
1(11 -D) 



i<8-D 

i = 9- D,10-D 

i = U-D 



This allows us to see that I controls the appearance of blocks of 11 — D antisymmetrised indices. By setting 
I = we disregard the trivial representations of Ai-d- We note the subtlety that a trivial representation 
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in the E\\_d algebra, after the action of the local sub-group, may give rise to non-trivial representations in 
the spacetime SL{D) algebra and a non-trivial representation of i?ii-£>, we will discuss this possibility in 
section 2.6. 

We choose values of vtid which give a rank p charge in the Ad-i sub-algebra and then read off the 
value of the corresponding fundamental weight in the Eu-d sub- algebra. This amounts to equating our two 
conditions for m_o, equations (2.4) and (2.6), 

( i + l(D-2)-kD-l, i<8-D 
p = I 2(11 - D - i) + l(D - 2) - kD - 1, i = 9-D,10-D 

{2 + l(D -2) -kD, i = U-D 

In particular for I = k = we find the charge content indicated in tabic 2.1, where the charges are indicated 
by SL(D) <g> SL(11 — D) tensors. We use the index a, to indicate an index in the spacetime associated to 
the weight of Ad-i being considered, and the index ji to indicate internal coordinates coming from the 
representation of £n-D that the charge transforms under. The fundamental weights of Eu-d belong to 
a given representation of SL (11 — D), so we may label them by the highest weight of their SL (11 — D) 
representation. For example, if we consider the representation of £ n _ D whose highest weight is \\\-d 
it belongs to the representation of SLu_ D with highest weight z(9-.d)(io-.d)(ii-.d)^ Tn ^ a ^j c 2.1 it is the 
highest weight of SX(11 — D) that we have used to indicate the Eu-d representation. 

For representations of Eu-d the internal indices in the decomposition to SL(D) (g> SL(11 — D) tensors 
will vary throughout the multiplet, but the spacetime indices will remain unaltered. Let us consider the 
example of the particle charge multiplet in D = 3 which is the first fundamental representation of E 8 with 
highest weight, Ai. The 248 has SL(D) <g> SL(11 - D) tensors: 

Pj(8), Z jlj2 (28), Z jl - j5 (56), Z jl - j7 ' k (63), Z jl - js (l), Z jl - j3 (56), Z jl - je (28), Z 3 (l) 

It is convenient to indicate the tensor charge associated to just the highest weight in the representation, it 
is this that is indicated by the charges in table 2.1. From table 2.1 we read that such a charge Z 01 - 7 ' 1 is 
associated to the (lO-D)'th fundamental representation (with highest weight Xw-d) 01 Eu-d, and so on for 
the other charge multiplets. 



Index of Aj 


Weight of Eix-d ® Ad-\ 


Highest Weight Charge 


i<8- D 


Xi ® flo-i 


gai...a,i-i3i...jn-D-i 


i = 9-D 


X9-D ® M-D-3 




i = 10-D 


AlO-_D ® HD-l 




i = ll-D 


Xn-D ® 


^ai«2jlj2j3 



Table 2.1 Charges associated to fundamental weights of Eu-d upon dimensional reduction 

indicated by SL(D) ® SL(11 - D) tensors 

It may be useful to associate the various charge multiplets associated to a fundamental weight of E\\ = d 
with their nodes on the Eu-d Dynkin diagram, 
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For the case of D = 3 [11], the charges associated to the fundamental weights of nodes 11 — D, 10 — I? and 
1 of En—D are the highest weights of the membrane, string and particle multiplets [9]. The set of charges 
up to rank D — 1 where D ranges from three to eight derived from the l\ multiplet is shown in table 2.2. 
Many of the charge multiplets indicated therein are associated to representations of E\\-d whose highest 
weight is a sum of fundamental weights. We deal with these cases in section 2.6, where we extract the full 
content of table 2.2 from the l\ algebra. 



D 


G 


Z 


Z a 




7'ai...03 


■■■CLA 


j7ai...ag 


^ai...a 6 


gai...a 7 


8 


SU(3) <g> SU(2) 


(3,2) 


(3,1) 


(1,2) 


(3,1) 


(3,2) 


(1,3) 
(8,1) 
(1,1) 


(3,2) 
(6,2) 


(6,1) 
(18,1) 

(3,1) 
(6,1) 
(3,3) 


7 


SU{5) 


10 


5 


5 


10 


24 
1 


40 
15 
10 


70 
50 

45 
5 




6 


£0(5,5) 


16 


10 


16 


45 
1 


144 
16 


320 
126 
120 






5 


E 6 


27 


27 


78 
1 


351 
27 


1728 
351 
27 








4 


E 7 


56 


133 
1 


912 
56 


8645 
1539 
133 
1 










3 


E 8 


248 
1 


3875 
248 
1 


147250 
30380 
3875 
248 
1 













Table 2.2 Charge multiplet representations of the group, G, from the l\ representation of En in 3 < D < 8 
2.3 The Particle Multiplet 

We identified the highest weight of this multiplet above, and we now discuss the identification of the 
weights of the l\ representation associated to particle, or zero brane, charges in detail. The particle charge 
multiplet will consist of objects having no spacetime indices (aj), and a set of internal indices (ji). From 
table 2.1 we see that this charge corresponds to the representation with highest weight (Ai ® /Ud_i), having 
a highest weight charge indicated by an SX(11 — D) tensor, Z 31 "^ 1 "- , i.e. it has only internal indices and 
it transforms in the first fundamental representation of the En-D sub-group. 
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To find the roots explicitly we recall that this is the representation whose highest weight is the first 
fundamental weight of Eu-d, so that in D = 3 it is the 248 of E$, in D = 4 it is the 56 of E-j and so on. 
In section 2.2 the condition on the highest weight representation of SL(D) has been written in terms of p, 
where the charge multiplet's highest weight is the charge associated to a p-brane. From equation (2.3), with 
p = for the particle charge multiplet we find that, 

nij — 1 j = 1 , . . . D — 1 

From equation 2.4 we have mo — 1. Since we are considering the h representation m* = 1 then the particle 
multiplet contains roots with root coefficients (l D+1 ,m,D+i, ■ ■ -fnn). We use the superscript notation as a 
shorthand to indicate that a number of sequential roots share the same coefficient, e.g. 

n 

{l D+l ,m D+ i, . . .mix) = + ai + . . . + a D + ^ m l a i 

i=D+l 

The simple root coefficients {mi>n} correspond to the weights of the first fundamental representation of 
Eh-d which we will identify. For the reduction to D dimensions we should find the particle multiplet 
being made up of roots whose first D + 1 root coefficients are l's. The most complicated case is that of 
the reduction to D = 3 which has been studied already in [11], and the li representations have been shown 
to form the 248 of £§ . In addition to this condition we must identify the root vectors of the fundamental 
representation of E 8 amongst these roots. By finding all roots of the form mo+i, • • • ran) we identify 

the 248 ® 1 indicated in table 2.2. To distinguish the roots of 248 we must identify the root vectors of the 
fundamental 248 amongst the candidate roots. In more complicated cases to follow this process will be less 
trivial than in the present example. From the l\ representation of En we can read off the charges in the 
particle multiplet and these are listed in table 2.3. In section 3 of this paper we will give a formula, equation 
(3.3), relating a root in the _E 12 lattice with a mass. In table 2.3 we give the result of applying this formula 
to the roots in the table, the resulting masses exactly match those found by U-duality [8,9]. 



E12 root 


Charge 


Dimension of SL(8) tensor 


Mass (highest weight) 


(l b ,0 Y ) 


Pi 


8 


1 

Ri 


(1 9 ,0 2 ,1) 


Zhh 


28 


Kio«n 

> 


(l 7 , 2, 3, 2, 1,2) 


ZJ1---3S 


56 


K7...K11 

s 


(l 5 , 2, 3, 4,5, 6, 4, 2, 3) 


Z31---3S 


1 


> 


(l 5 , 2, 3,4,5,3, 1,3) 




63 


VR11 
Ril% 


(l 4 , 2, 3, 4, 5, 6, 4, 2, 4) 


Z3i—38,ki...k 3 


56 


VH 9 ...Ru 
112 
l v 


(l 4 , 2, 3, 5, 7, 9, 6, 3, 5) 


^j 1 ...js,k\...k 6 


28 


V R6...K11 

? 


(l 4 , 3, 5, 7, 9, 11, 7, 3, 6) 




8 


V 2 Ru 



Table 2.3 The particle charge multiplet in D = 3/Thc 248 of E$ 

In table 2.3 we have used V to indicate Rd+iRd+2 ■ ■ ■ R11 indicating the volume of the internal space. From 
table 2.3 we can identify generators which commute with each other to form generators proportional to 
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multiple copies of the volume form(e Ml ). We call such pairs of generators dual. The Young tableaux 
of a generator and its dual may be combined to form a rectangular tableau whose height is the dimension of 
the internal space. Such a Young tableau is proportional to multiple volume tensors. For example, in table 
2.3 the generators at levels 0, 1, 2 are dual to those at 4, 5, 6, and those at level 3 are self-dual, that is 

[p jt Z h " la > kl ~ k8 > j ] oc e 2 , [z hl2 ,Z jl " j8 > kl ~ k6 ] oc e 2 , [Z jl - h , Z h ~ l *< kl ~ k3 ] oc e 2 

[Z' 1 "■*>, Z fel ■"**] oce 2 , [z jl ~ j7 > k ,Z h ~ l7 > m ] oce 2 

We are identifying a bilinear Casimir for the representation. By using the mass formula (to be derived in 
section 3) one can see that the mass associated to a generator, M., and the mass associated to its dual 
generator, j\4' , multiply to give an invariant squared mass, M.M! = A4 2 , for the representation. For the 
248 shown in table 2.3 the invariant mass squared is: 

V 2 

•^248 ~ 718 

L p 

Let us look at the reduction to D = 4 where the particle multiplct should belong to representations of E-?. 
From tables of £12 roots [16], we find the l\ content listed in table 2.4. 



£12 root 


Charge 


Dimension of SL(7) tensor 


Mass 


(i b ,o'0 




7 


1 

fin 


(l y ,0,0,l) 


£3132 


21 


I s 

L v 


(l 7 , 2, 3, 2, 1,2) 


Zn---3b 


21 


R7...H11 

I 6 


(1 5 ,2,3, 4,5,3,1,3) 


Zh---h,k 


7 


vfi.11 
I 9 



Table 2.4 The particle charge multiplet in D = 4/ The 56 of E 7 

By identifying the dual generators in table 2.4 one can associate an invariant mass squared to the multiplct, 
■A4| 6 <~ |r- In the reduction to D = 5 we look for the 27 of E 6 , and the corresponding roots are in table 2.5. 



E\2 root 


Charge 


Dimension of SL(6) tensor 


Mass 


(1°,0°) 


Pj 


6 


1 

Re 


(1 9 ,0,0,1) 


Zh32 


15 


K10K11 


(1 7 ,2,3,2, 1,2) 


Zn-35 


6 


R 7 ...Ru 
1% 



Table 2.5 The particle charge multiplet in D = 5/The 27 of E 6 
For the reduction to D = 6 we look for the 16 of 50(5, 5). From the l\ we find the states of table 2.6. 



£12 root 


Charge 


Dimension of SL(5) tensor 


Mass 


(i Y ,o & ) 


Pj 


5 


1 

Rv 


(1 9 ,0,0,1) 


Z3132 


10 


K10K11 
I 3 


(l 7 , 2, 3, 2, 1,2) 


z 


1 


R 7 ...Ru 

1% 



Table 2.6 The particle charge multiplet in D = 6/The 16 of 50(5, 5) 
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We repeat the process for D = 7 where we look for the 10 of SU{5), the appropriate roots are listed in table 
2.7. 



E\2 root 


Charge 


Dimension of SL{4) tensor 


Mass 


(l«,0 a ) 


Pi 


4 


i 




(I 9 , 0,0,1) 


Z3U2 


6 


Kio-Kll 



Table 2.7 The particle charge multiplet in D = 7/The 10 of SL{5) 



The formulae used in this section are even robust up to D = 8, where we identify the (3, 2) of 51/(3) ® SU (2) 
contained in the l\ representation from the roots (l 9 , 0, 0, 1) and (l 9 , 3 ), associated to generators Z Ji: > 2 and 
Pj, both having dimension three. 



D 


Z 




£71.72 


Z31---33 


Z31---34 




Z31---36 


£.71 -J7 


3 


64 (3) 


8 (6) 


28« 


56^ 




56( 2 ) 


28< 5 ) 


8 (0) 


4 




7(3) 


21« 






21(2) 


7 (0) 




5 






15« 






6 (0) 

6 (2) 






6 


1(2) 




io« 




5 (o) 








7 






6 (D 


4 (0) 










8 






3(0) 
3 (D 













Table 2.8 The particle charge multiplcts in 3 < D < 8 



We summarise the appearance of the particle multiplet from the l\ representation in table 2.8. The table 
shows the dimension of SL {11 — D) tensors together with the level the generator appears at in the decom- 
position, so that indicates a tensor carrying X degrees of freedom appearing in the decomposition at 
level /. The columns indicate the number of indices in the charge modulo blocks of 11 — D indices. 

2.4 The String Multiplet 

The string multiplet contains charges with one spacetime index. From table 2.1 we see that such charges 
are associated to the representation of Eu-d with highest weight Aio-d- In D = 3 this is the 3875 of E$, 
in D = 4 it is the 133 of Ej and so on. From section 2.2. we recall that the string multiplet corresponds to 
1-brane charges, by putting p = 1 and k = in equation (2.4) we find the simple root coefficient mo — 2 for 
string charges. From equation (2.3), with p = 1 for the string, we find that, 

rrij = 1 j = 1, . . . D — 1 
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The candidate roots in the Ei 2 lattice corresponding to the string multiplet have simple root coefficients 
(1-°, 2, rriD+i, ■ ■ ■ run). The mj>£> take values which vary according to the weight vector of the representation 
of Eu-d with highest weight Aio-£>. 

Using equation (2.5) we find the root in the E i2 lattice corresponding to the weight yUio-D of Eu-d 
(pw-d = 1 and all other p, = 0), that is the highest weight of the representation we are seeking to identify, 
is (1 D , 2 9 ~ D , 0, 0, 1). This root does not appear in the h representation however, as discussed in [11], it is 
related to the root (1 9 ,0,0, 1) in the li representation, with charge Z 8A1 by a series commutators with the 
generators K d d+i, K d+1 d+2, ■ ■ ■ K 7 8, giving the charge Z D11 . This charge has one compact index (j=ll) 
and one non-compact index (a=D), and so is a component of a string charge Z aj . We can also apply the 
generators K a j to the roots of the particle multiplet and find string charges in a similar manner. 



E12 Root 


Charge 


Dimension of SL(8) tensor 


Mass 


(1 3 ,2 6 ,0,0,1) 




8 


«3«11 

i 3 


(1 3 ,2 5 ,3,2,1,2) 


Za,j 1 ...j i 


70 


R 3 Hg F ...H 11 

I 6 

V 


(1 3 ,2 3 ,3,4,5,3, 1,3) 
(1 3 ,2 2 ,3,4,5,6,4,2,3) 


Za,j 1 ...j 6 ,k 


216 

8 


RsRe-'-RioRn 

l l 

i?3 i?5 . . .R\l 

l & 

l P 


(1 3 ,2 2 ,3,4,5,6,4,2,4) 
(l 3 , 2, 3, 4, 5, 6, 7, 4, 1,4) 
(l 3 , 2, 3, 4, 5, 6, 7, 4, 2, 4) 


Za,ji...j 7 ,ki...k 3 
Zaji...j s ,kik2 
Z a 3i—3a,(ki,h) 


420 
28 
36 


Ks V R,qRiqRii 

RJ 1 / 
R 3 V(R w Rii) 2 

l f 
R 3 VR\i 

l l 2 


(1 3 ,2 2 ,3,5,7,9,6,3,5) 
(l 3 , 2, 3, 4, 5, 7, 9, 6, 3, 5) 
(l 3 , 2, 3, 4,5, 6, 8,5, 2, 5) 


Zaji...j 7 ,ki...k B 
£aj 1 ...j 8 ,k 1 ...k 5 

Zaji...js,ki...k 4 ,h 


168 
56 
504 


H 3 VH e ...H 11 

R4/J 6 

R 3 V R 7 .. .Rn 

715 
'p 

Ji 1 Vfi8...Hi[)Hi l 




'p s 


(l 3 , 2, 4, 6, 8, 10, 12, 8, 4, 6) 
(1 3 ,2, 3,5,7,9,11,7,3,6) 
(l 3 , 2, 3, 4, 6, 8,10, 6, 3, 6) 
(l 3 , 2, 3, 5, 7,9,11, 7,3, 6) 


2 l a h---3&M---k% 

Zaj 1 ...js,ki...k 6 ,l 1 l 2 
^aj 1 ...jg,k 1 ...k 7 J 1 


1 

63 
720 
63 


R 3 V A 
I 18 
R 3 V 2 Rn 
RtUf 
R 3 V 2 RioRn 
R4R5II, 8 
R 3 V 2 R lt 


(l 3 , 2, 3, 5, 7, 9, 12,8,4,7) 
(l 3 , 2, 4, 6, 8, 10, 12,8,4,7) 
(l 3 , 2, 4, 6, 8, 10, 12,7,3,7) 


Zaji...js,ki...k 7 ,h...U 
r?aj 1 ...jg,k 1 ...kg,l 1 ...l 3 
Z a h ■ ■ -38 ,ki . . .kg ,hh ,mi 


504 
56 
168 


R 3 V A Rg...Rn 

Rtlf 
R 3 V Rq...Rh 

'p 

R 3 V RioRn 


(1 3 ,2,3,6,9, 12,15, 10,5,8) 
(l 3 , 2, 4, 6, 9,12, 15, 10, 5, 8) 
(l 3 , 2, 4, 6,8, 11, 14,9, 4,8) 


r?aj 1 ...j 8 ,k 1 ...k 7 ,l 1 ...l 7 
^aji . . .js ,ki . . .ks ,h ■ ■ -le 
Zaj 1 ...js,ki...k s ,h...h,m 1 


36 
28 
420 


— ^ 

R 3 V 3 
R4R5I 2 / 
R 3 V 3 R lt 
RiRaRetp- 


(l 3 , 2, 5, 8, 11, 14,17,11, 5,9) 
(1 3 ,2,4,7, 10,13, 16,10,5,9) 


Zaji...j s ,ki...ks,h---ls,m 1 
Zaj 1 ...jg,k 1 ...kg,l 1 ...l 7 ,m 1 m 2 


8 
216 


RsV'Rn 
,17 

3 P 

R 3 V RioRn 

mi? 


(l 3 , 2, 5, 8, 11, 14, 18, 12,6, 10) 


Zaj 1 ...jg,k 1 ...k8,h...lg,m 1 ...m 4 , 


70 


R3V' Rg-'-Rn 


(l 3 , 2, 5, 9, 13, 17, 21, 14, 7, 11) 


Z a 3i ■ ■ -38 ,ki . . .kg ,ii . . .Is ,mi . . .m 7 


8 


R 3 V* 
R 4 V? 



Table 2.9 The string charge multiplet in D = 3/The 3875 of E 8 



To commence we rediscover the E12 roots of the string multiplet in D = 3. These roots were originally 
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given in [11] and we list them in table 2.9 together the associated masses given by equation (3.3) which gives 
expressions in agreement with the string multiplet listed explicitly in appendix B of [9]. The procedure of 
searching the low levels of the l\ representation for roots with root coefficients of the form (l 3 , 2, m 4 , . . . mn) 
reproduces the 3875 © 248 © 1 of Eg, from which the 3875 can be identified. It is a simple matter to pair 
the dual generators in the string multiplet, to find an invariant mass squared for the multiplet: 

R 2 V* 



M 2 



3875 



Z 36 



We find the string multiplet in D = 4 has Eyi roots with root coefficients (1 , 2,m 5 . . . m\\). In D = 4 we 
look for the 133 of E^ and the corresponding roots from the l\ are listed in table 2.10. 



E12 root 


Charge 


Dimension of SL(7) tensor 


Mass 


(1 4 ,2 5 ,0,0,1) 




7 


it^li-l l 

'S 


(1 4 ,2 4 ,3,2,1,2) 




35 


V 


(1 4 ,2 2 ,3,4,5,3,1,3) 




49 




(l 4 , 2, 3, 4, 5, 6, 4, 2, 4) 


Zaji...j 7 ,ki...k 3 


35 


R 4 VR q ...Rn 
^ 


(l 4 , 2, 3, 5, 7, 9, 6, 3, 5) 


Z a h—hM...ke 


7 





Table 2.10 The string charge multiplet in D = 4/Thc 133 of E 7 
The invariant mass squared for the multiplet is, 



M 2 



133 



RlV 2 



In D = 5 we look for the 27 of E 6 . This corresponds to roots of the form (l 5 , 2, m 6 . . . ran), which we list 
in table 2.11. 



E12 root 


Charge 


Dimension of SL(6) tensor 


Mass 


(1 5 ,2 4 , 0,0,1) 


Z ajl 


6 


ll 


(1 5 ,2 3 ,3,2,1,2) 




15 


R 5 R 8 . .Kii 
l e 


(1 5 ,2,3, 4,5,3,1,3) 


Zaj 1 ...j 6 ,k 1 


6 


R 5 VRu 

1 p 



Table 2.11 The string charge multiplet in D = 5/The 27 of E 6 

In D = 6 we look for the 10 of £0(5, 5). This corresponds to roots of the form (l 6 , 2, ra-j . . . mn), which we 
list in table 2.12. 



E\2 root 


Charge 


Dimension of 5X(5) tensor 


Mass 


(1 6 ,2 3 , 0,0,1) 




5 


ReRn 


(1 6 ,2 2 , 3,2,1,2) 




5 


HqHs ■ ■■H.n 



Table 2.12 The string charge multiplet in D = 6/The 10 of SO(5, 5) 

The associated invariant mass squared for the representation in table 2.12 is 

R 2 V 



M 



10 



In D = 7 we look for the 5 of SL(5). This corresponds to roots of the form (l 7 , 2, m 8 . . . mn), which we list 
in table 2.13. 
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E12 root 


Charge 


Dimension of SL(4) tensor 


Mass 


(l 7 , 2 2 , 0, 0, 1) 




4 


I 3 

V 


(l 7 , 2,3,2,1,2) 


Z a ^\---3i 


1 


UrV 

/6 



Table 2.13 The string charge multiplet in D = 7/The 5 of SL(5) 



In D = 8 we find the (1, 3) of SU{2) x SU(3). This corresponds to roots of the form (l 8 , 2, m 9 . . . m n ), and 
we find only the root with simple root coefficients (l 8 , 2, 0, 0, 1), corresponding to a charge Z ajl of dimension 

3 and tension fls ,^ 11 . The appearance of the string multiplet in the l\ representation is summarised for 

p 

3 < D < 8 in table 2.14. 



D 


Z a 


Z a 3 


Z a 3\3l 


Z a 3l---33 


Z a 3l---34 


Z a 3l---35 


Z a 3i---3e 


Z a 3l---37 


3 


847(6) 


8 (i) 
224( 9 ) 


484( 4 ) 


728< 7 ) 


70 (2) 
70 (i") 


728< 5 ) 


484< 8 ) 


224( 3 ) 
8 (ii) 


4 


49 (3) 


7(i) 




35W 


35^) 




7 (5) 




5 




6 (D 

6 (3) 






15( 2 ) 








6 




5 (D 






5(2) 








7 


1(2) 


4 (i) 














8 




3 (D 















Table 2.14 The string charge multiplets in 3 < D < 8 



In addition to the string and particle multiplets, we may also find multiplets associated with the membrane 
charge, a threebrane charge, a fourbrane charge and other charges up to that of a D— 1-brane, as discussed in 
[8,9]. One might also find a fivebrane multiplet whose highest weight is /Ud-5 ® 2An_£>, indeed one may find 
multiplets corresponding to a variety of exotic charges whose interpretation is obscure, but are all a natural 
consequence of the conjectured eleven dimensional En symmetry. In the next section we will consider the 
membrane multiplets in detail, and in section 2.6 we will find the remaining charge multiplets shown in table 
2.2. 

2.5 The membrane charge multiplet 

Until this point we have focussed on reproducing the charge multiplets previously found from U-duality. 
The membrane charge multiplet has not been given in the literature previously. Here we treat the membrane 
charge in the same way as the particle and string charges and we apply our method to find the membrane 
multiplet in three, four, five, six, seven and eight dimensions. For a membrane charge we take p = 2 in 
equation (2.4) and look for solutions when I = k = 0. Using equation (2.3) we look for roots of the form 
, rriD+i, ■ ■ ■ mn) in the tables of E\ 2 roots showing the h representation of En which are listed 
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at length in [16]. 



Level 


Charge 


Dimension of 
SL(8) tensor 


Mass 


1 


Z ab 


1 


tii R3 


2 


^fuuji . . .j 3 


56 


ti, 2 R>3 ' ' ' ti \ 1 

/« 


3 


2?abj 1 ...j 6 


28 


R 2 R 3 R 6 ...Ru 

77i 




gabji...j 5 ,ki 


420 


R 2 R 3 R 7 P ..R 10 R 2 11 

l v 


4 


gabj 1 ...j e ,k 1 ...k 3 
gabji ...j 7 ,kik 2 
2^o6ji...j 8 >fei 


1344 

01 fi 
ZlD 

2x8 


H 2 H 3 vA 9 ...Hn 

RiRslp 2 
R 2 R 3 V RiqRh 
R 4 l\ 2 
R2 R3 vRii 




2Zabji...j 7 ,ki,li 


280 


R 2 R 3 VR 2 11 
H * l i 


5 


^abj 1 ...j 6 ,k 1 ...k 6 
^abj 1 ...j 7 ,k 1 ...k 5 
2Z ab h---js,k 1 ...k 4 


336 
378 
2 x 70 


R 2 R 3 V 2 

7 7? D *l 2 715 

(H 4 its) tp 
fl2 fl3^fl7---flll 
fl/iZ 15 
VP 

fl2 flsVfls-.-flll 




gabj 1 ...j 7 ,k 1 ...k 4 ,l 1 


3584 


p 2 




2^abj 1 ...j s ,ki...k 3 ,l 1 


2 x 378 


-R2 fl 3 V R-9 flio fli 1 
; 15 

E — ■> 


6 


2Z<ibj 1 ...j 7 


2x8 


fl 2 fl 3 V 

r*. 4 lp 




2 j abj\...j 7 .k\...k 7 .l 1 


280 


R 2 R 3 V 2 R 11 
R 4 R5lp s 




gabj 1 ...j 7 ,k 1 ...k 6 ,l 1 l 2 
^abj 1 ...jg,k 1 ...k 4 ,l 1 ...l 3 


4200 
2352 


R 2 R 3 V 2 R la R 11 
R'fR&lp 8 
R 2 R 3 VRg(R 9 ...Rn) 2 




^abj 1 ...jg,k 1 ...k s ,l 1 l 2 


1344 


R 2 R 3 V ^flioflu 
r? r? 7? 1 is 

IX 4 i%$ Kelp 




^r?abj 1 ...j s ,k 1 ...k 6 ,l 1 


4 x 216 


R 2 R 3 V 2 Rn 
R 4 R&ll s 




gabj 1 ...jg,k 1 ...k 5 ,l 1 ,m 1 


1800 


R 2 R 3 V 2 R 2 11 
R 4 R 5 R 6 l 18 


7 


^abj 1 ...j 7 ,k 1 ...k 7 ,l 1 ...l 4 


2100 


R 2 R 3 V 2 Rg...Rn 

RVl 1 




£Zabji...ja,ki—k7,h—h 


3 x 420 


R 2 R 3 V 2 R 9 R 10 Rii 
R 4 lf 




2^abji...js,ki...k s ,lil 2 


3 x 28 


R2 R3 V R10R1 1 




2^abj 1 ...j 8 ,k 1 ...k 6 ,l 1 ...l 4 


2 x 1512 


R 2 R 3 V 2 RgR 9 R 10 Rn 
R4.R5I 21 




2^abj 1 ...j s -ki...k 7 ,l 1 ...l 2 .m 1 


2 x 1280 


R 2 R 3 V 2 RioR 2 11 
R 4 lf 




^ ^abji . . .jg ,ki . . .kg ,h ,mi 


3 x 36 


R 2 R 3 V 2 R 2 11 
p 




rfabj 1 ...jg,k 1 ...k 6 ,l 1 ...l 3 ,m 1 


8820 


R 2 R 3 V RoRiqRh 
R 4 RrJ 21 


8 


gabji...j 7 ,ki ...k 7 ,h...l 7 


120 


R 2 R 3 V 

Rill 4 




^r?abj 1 ...jg,k 1 ...k 7 ,l 1 ...l 6 


3 x 168 


R 2 R 3 V 3 Rn 

R'jRsil 4 




^r?abj 1 ...jg,k 1 ...kg,l 1 ...l s 


3 x 56 


R 2 R 3 V 3 
R 4 R 5 R 6 l 24 




2^abj 1 ...j s -ki...k 7 ,l 1 ...l 5 ,m 1 


2 x 2800 


R 2 R 3 V 3 R la Rn 
-R4-R5 Rel 2 , 4 




2abj 1 ...jg,k 1 ...k a ,h...l 3 ,m 1 m 2 


1008 


R2 R3V 2 Rq RiqR\ x 

2 




^_£abj 1 ...jg,k 1 ...kg,l 1 ...l 4 ,m 1 


4 x 504 


R 2 R 3 V flsfloflioflu 
,'U 

" 3 




^_gabj 1 ...jg,k 1 ...k 6 ,l 1 ...l 6 ,m 1 


2520 


R 2 R 3 V 3 flu 
R 4 R 5 l 2 p 4 




2abj 1 ...jg,k 1 ...k 7 ,l 1 ...l 4 ,m 1 m 2 


10584 


R2 R3 V 3 RiqRii 
RlR & ReR 7 l 2 p 4 




gabji...j$,ki...k$,li...l 3 ,mi,ni 


1512 


R2 R3 V 3 RiqRii 
RjR 5 R 6 R-7l 2 p 4 
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Level 



Charge 



^abji...js,ki...ks,h...l8,mi...m s 
2^abj 1 ...js,ki...k 7 ,l 1 ...l 7 ,m 1 m 2 

K ) ^abji...js,ki...k s ,h---l7,mi 
gabji . . .js ,ki . . .ks ,h ■ ■ -h ,mi • • .7713 
^r?abj 1 ...j8,ki...k8,h...l 6 ,m 1 m 2 
^abj 1 ...j s ,k 1 ...k 7 ,l 1 ...l e ,m 1 ...m 3 
2^abj 1 ...js,ki...k 7 ,l 1 ...l 7 ,m 1 m 2 
2;abj 1 ...j 8 ,k 1 ...kg,l 1 ...l4,m 1 ...m 4 
^abj 1 ...j 8 ,k 1 ...k s ,l 1 ...l 6 ,m 1 ,n 1 



Dimension of 
SL(8) tensor 



1 

2 x 945 
5 x 63 

2352 
4 x 720 

7680 
2 x 945 

1764 

7680 



Mass 



R2R3V 

(27 

R2R3V' RpRloRll 

R 2 R3V 3 Rn 
Rilf 
R2 R3 V R9R10R11 

RiR5Re.11 7 

R2 R3 V 3 Ri o Ri 1 

RlRTif 
R2 R3 V" 3 -^10-^11 

RIR511 7 

R2 R3V 3 RiqRh 
Ft 2 ! 27 

R2R3V 4 
{R^.R^Hf 

R2R3V 3 RwRlx 



Table 2.15 The membrane charge multiplet in D = 3/The 147250 of E s 

The membrane charge multiplet is a representation of Eu-d with highest weight Ah__d, in D = 3 it is the 
147250 of Eg, in D = 4 it is the 912 of E 7 and so on. In D = 3 the roots in the l\ representation having 
coefficients of the form (l^" 1 ), 2, 3, m D+u . . . ran) identify the 147250 © 30380 © 3875 © 248 © 1 of E$ 
from which we can identify the root vectors of the 147250 and we list the charges in table 2.15, where the 
charges at levels (ran) 10 to 17 which are the duals of those at levels 8 to 1 are not shown. 
The associated invariant mass squared for the membrane charge multiplet in table 2.15 is 

(RaRbfV 6 



M 



147250 



If 



Level 


Charge 


Dimension of SL(7) tensor 


Mass 


1 


Z ab 


1 


R 3 H 4 
ft 


2 


Zab,ji...j 3 


35 


R3 K 4 R P g...Kn 
'p 


3 


gabJi-.-je 
^ab,ji...j5,k 


7 
140 


R3R4V 
R3R4.VR11 

RsRell 


4 


^ab,j 1 ...j 6 ,k 1 ...k 3 
£ab,ji...j 7 ,kik2 
Z abMM 


224 
21 
28 


R3 R4 V 2 Rg Ri Ri 1 
RlR 6 R 7 R 8 ll 2 

R3 R 4 VR\^ 
li'i 

p 2 
RsRiVR 2 ^ 

^ 


5 


Z ab,j 1 ...j 6 ,k 1 ...k 6 

Z ab,ji...j 7 ,ki---k5 
2?ab,j 1 ...j 7 ,k 1 ...k 4 ,l 1 


28 
21 
224 


R3R4V 2 

R3R4V 2 

R 3 R4V 2 Rn 
R 5 R 6 R 7 ll 5 


6 


gabji . . .j 7 ,ki . . .ke ,hh 
rrab,j 1 ...j 7 ,k 1 ...k 7 ,l 1 


140 
7 


R 3 RiV 2 Rn 

R 3 R4V 2 Rn 
Rsll* 


7 


Z ab,j 1 ...j 7 ,k 1 ...k 7 ,l 1 ...l 4 


35 


R3R4V 
R 5 R 6 R 7 l 21 


8 


£ab,ji...j 7 ,ki...k 7 ,h...l 7 


1 


RsRiV^ 

124 
L v 



Table 2.16 The membrane charge multiplet in D = 4/The 912 of E 7 
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In D = 4 we look for roots of the form (l 3 , 2, 3, m 5 , . . . ran) and find the set of charges in table 2.16, 
which form the 912 of E-j. The associated invariant mass squared for the membrane charge multiplet in 
table 2.16 is 

, 2 (R a Rb) 2 V 3 



M 



912 



H 7 



In D = 5 we find the 78 of E e as shown in table 2.17. 



Level 


Charge 


Dimension of SL(5) tensor 


Mass 


1 


Z ab 


1 


-K4-K5 

I s 


2 


^ab,j 1 ...j 3 


20 


-^9 ■ ■ --till 


3 


^ab,ji...j 5 ,k 


36 


R 6 l% 


4 


Zab,ji...j 3 


20 


R4 R5V (Rr, . . . Rn) 
112 

^ 1 


5 


Z ab 


1 


RiR-iV^ 



Table 2.17 The membrane charge multiplet in D = 5/The 78 of E 6 



The associated invariant mass squared for the membrane charge multiplet in table 2.17 is 

(RaRbfV 2 



M 2 



78 



718 



We can continue this process and find the 1 © 10 © 5 = 16 of 50(5, 5) in D = 6, the 1 © 4 = 5 of SL(5) in 
D = 7 and the 1 © 1 = (1.2) of SL(3) © SL(2) in D = 8. We summarise the appearance of the membrane 
multiplet charges from the li representation of En in table 2.18. 



D 


Z ab 


gab] 




^abji...j 3 


^a6ji...j 4 


^a6ji...j 5 




^abji...j 7 


3 


1(1) 

29128^ 


1856^ 


16408 (7) 


56^ 
23472(10) 


5152< 5 ) 


23472^ 


420( 3 ) 
16408( n ) 


11696^ 6 > 




1(17) 


11696( 12 ) 


420< 15 ) 




5152( 13 ) 


56 (i6) 




1856< 14 ) 


4 


Id) 






35^ 






147(3) 






l(8) 


147(6) 


273 (4) 




35^ 


273^ 






5 


l(i) 
36( 3 ) 

1(5) 






20W 
20W 










6 


1(1) 


5 (3) 




10(2) 










7 


1(1) 






4(2) 










8 


l(D 


















1(2) 

















Table 2.18 The membrane charge multiplets in 3 < D < 8 
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2.6 p-brane charges associated to general weights of £n-n 

In the previous sections we considered representations of Au-\ ® £11-11 in the l\ representation of 
E\\. The representations of Ap-i had a single set of antisymmetric indices and corresponded to p-brane 
charges, the representations of E\\-d we considered all had a highest weight which was a single fundamental 
weight of En-D- Now we will continue to consider p-brane charges in the Ap-i sub-algebra but we will 
generalise our considerations of Eu-d to include those representations whose highest weight is a sum of 
fundamental weights. As we shall see, representations of En-o, with highest weight more general than a 
single fundamental weight, provide a straightforward constraint for the root coefficient mo- By including 
the most general highest weight representations of £h_b we will complete table 2.2. 

So far we have not considered the significance of blocks of (11 — D) indices appearing in the index 
structure of the generators in the E\\-d sub-algebra. Previously we have restricted ourselves to the constraint 
that / = in equation (2.6), implying that we have ignored representations of Eu-d which are identical 
up to the e>i—hi-D tensor. However the appearance of a block of (11 — D) indices may be acted upon by 
the generators of the A w sub-algebra of En so that a set of trivial internal indices may acquire spacetime 
indices and the remaining internal indices form part of a non-trivial representation of E\\-d- Let us consider 
a generic highest weight representation of En-n labelled by [pi,p2 • ■ -Pu-d)- Putting this into equation 
(2.1), where instead of Aj we now have ^2piXi, we find, after making use of equation (2.2), 
-rij = ^2/Pi < Aj, Xj > -m D < Ai, Aj > 

Ei<j i-Vt + 3 Td>fPi - m D + SZjEi" Wi + 4 P9-D + 2pw-D + 3pn_D - m D ] j < 8 - D 

T^I^ks-d iPi + 2(10 - D)p 9 _ D + (10 - D)p w _ D + 2(8 - D)p u _ D - 4m D ] j = 9-D 

-ch I 2 E 4 <8-Z3 m + ( 10 - d )P9-d + 4p 10 - D + (8 - D)p u -D - 2™ D ] j = 10 - D 

[3E 4 <s-i5 m + 2(8 - D)p 9 - D + (8 - D) Pl0 - D + (11 - D)p n _ D - 3m D ] j = 11 - D 
We see that we have a general solution giving positive integer values for rij when, 

8-D 

m D = ^2 + 4 P(9-D) + 2f>(i -£>) + 3p(u_D) + h(D - 2) (2.7) 

»=i 

Where h is some positive integer, or zero. For this solution we find the simple root coefficients in E\\-d are: 

' Ei>f (* - j)Pi + 4P9-D + 2pio-D + 3pn_ D + hj + h(D-2) j<8-D 

2p 9 _ D + p W -D + 2pn-D + 4ft j = 9 - D 

P9-D + Pu-d + 2ft j = 10 - D 

. 2p 9 __D +p W -D +PU-D + 3ft j = ll-D 

With these coefficients the full E\i root is: 

(3 =e* + fc(ei + . . . + e D - P ) + (1 + k)(e D - p+ i + . . . + e D ) 

8-D 8-D 

+ ^2 (h-^2pi)e n + he 9 + (h+p 9 - D )e 10 + (h + P9-D+Pio-D)eii 

n—D+l i—n 

Where pi are the Dynkin labels for the sub-algebra, and p without an index indicates the corresponding 

p-brane charge multiplet. We can write the parameter, ft, as: 

8-D 

h=Y / Pr + C 

»=1 
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If we decompose the £ii_b representation into SL(11 — D) tensor representations the number of SL(11 — D) 
indices appearing on generators at level nu-o in the decomposition, # is given by, 

10-D 

# = 3n U -D -m D = ( n - D ~ *)Pi + C ( u - D ) 
i=i 

So that C controls the appearance of blocks of (11 — D) indices. We note that the lower bound on the number 
of indices, # occurs when nn_£> and p\ = ihd, this implies that C is bounded from below by C > —mu- 
Setting k — we find, 

8-15 



P 2 =1 + P + ^ ip i ~ 2 P9-D - Pll-D + 2 J! ~ 2P9-DPlO-D - ^PV-DPll-D - ^PW-DPll-D 

i—1 i<j 



8-D 



(2.8) 



(D - 2)h 2 - 2h ip t - 8hp 9 - D - 4hp 1Q - D - 6hpn- D 



i=i 

Since [3 2 = 2, 0, —2, . . . equation (2.8) places constraints on which highest weights of -Eh-d arc present 
in the l\ representation. Let us see how useful this equation can be by looking for all the highest weight 
representations of Eu-d appearing in the l\ representation of En for the particle, string and membrane 
charges. 

Consider the particle charge multiplet, having p = 0, and mj = 1, and we will commence with the 
D-independent case where h = 0. Earlier we found the particle charge multiplet associated to the first 
fundamental representation of En-p, whose highest weight is Ai. From equation (2.7) we see that indeed 
pi = 1 is the only possible representation, and from equation (2.8) we find (3 2 = 2 and so it is present in 
the l\ representation. However if we now generalise our considerations to include the cases with h > then 
from equation (2.7) we see that in D = 3 a new possible particle charge multiplet appears associated to a 
different highest weight of Eh-d- In I? = 3 we can satisfy hid = 1 with pi = 0, h = 1, and from equation 
(2.8) we see this corresponds to a root of E\ 2 with a squared length of zero. We now identify the complete 
multiplet associated to this particle charge by looking for roots having the form (l 4 ,niD+i, ■ ■ ■ , mu). The 
highest weight root has (i 2 — and under the action of the SX(1 1) sub- algebra the root length squared may 
be lowered or held constant, but not raised - due to the Serre relations. Consequently the highest weight 
representation may be found among the set of roots having the form (l 4 ,niD+i, ■ ■ ■ , mu) and subject to 
[3 2 < 0. The extra particle multiplet in D = 3 is given in table 2.19. 



E\2 root 


Charge 


Dimension of SL(8) tensor 


Mass 


(l 5 , 2, 3, 4, 5, 3, 1,3) 


Z 


1 


H4...H11 



Table 2.19 A second particle charge multiplet in D = 3/ The 1 of Es 

From table 2.19 associated invariant mass squared for the trivial representation is: 

2 V 2 
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Let us repeat this process for the string charge multiplets, commencing as before with the case h = 0. 
Putative string charge multiplets have p = 1 and bid = 2. From equation (2.7) we find three possible 
highest weight representations: 

(pi - 2), (pa = 1), (p 10 - D = 1) 

However from equation (2.8) (with h = 0) we notice that we face the restriction 

8-D 

2>l+p+^ip 2 - 2p\_ D - p\ x _ D + 2 y~] ip l p J - 2p 9 - D p m - D - 4p 9 _ D p n _ D - ^Pw-dPh-d (2.9) 

i— 1 z<j 

Bearing in mind that for the string p + 1 = 2 we observe that the remaining positive terms must be balanced 
or outweighed by the negative terms. That is, any weight with pi<8-D ^ must at least be accompanied 
by non-zero values of pq~d or pn-D- Consequently the putative string charge representations with (p\ = 2) 
and (p2 = 1) do not appear in the l\ representation. Thus the (pw-D = 1) representation having highest 
weight Xio-d is the unique representation carrying the string charge in the l\ representation when h = 0. 
If we now consider solutions when ft ^ satisfying m D = 2 = (p + 1) in equation (2.7) we may find the 
remaining string charge multiplets in D = 3. We find, 

(h=l, Pl = l), (h = 2)) 

Where all the remaining p t are zero. From equation (2.8) we find that [3 2 — for the first case and 1 = —2 
for the second case. So both of these are highest weights of string charge multiplets in D = 3, they are the 
248 and the 1 respectively. The string of roots in the representation may be found by searching amongst 
roots of the form (l 3 , 2,to.d+i, . . . , mn) in the l\ representation such that fi 2 < in the first case, and 
j3 2 < —2 in the second case. The precise roots forming these multiplets are shown in tables 2.20 and 2.21. 



E12 root 


Charge 


Dimension of SL(8) tensor 


Mass 


(1 3 ,2 2 ,3, 4,5, 6,4,2,3) 


Z a h---37 


8 


H 3 V 


(1 3 ,2,3,4,5,6,7,4,2,4) 


^aj 1 ...j 8 ,k 1 k 2 


28 


H3 V K10-K11 


(l 3 , 2, 3, 4, 5, 7, 9, 6, 3, 5) 


gaj 1 ...j s ,k 1 ...k s 


56 


H3VH7...H11 

SL, 


(1 3 ,2,4,6,8,10,12,8,4,6) 


£aji...jg,ki...k 8 


1 


R 3 V A 


(1 3 ,2,3,5,7,9,11,7,3,6) 


rfaj 1 ...j$,k 1 ...k 7 ,l 1 


63 


R 3 V 2 Rn 
R^ 


(1 3 ,2,4,6,8,10,12,8,4,7) 


gaj 1 ...j8,k 1 ...k 8 ,l 1 l 2 l3 


56 


R^VRq.-.Rn 
I 21 

s- 2 


(1 3 ,2,4,6,9, 12,15, 10,5,8) 


gaji ■ ■ -js ,ki . . .kg ,h . . .Is 


28 


R 3 VRe...Rn 

124 

H 


(1 3 ,2,5,8,11,14,17,11,5,9) 


2°h —3»M—ks,h—h ,mi 


8 


RsVRu 

127 



Table 2.20 A second string charge multiplet in D = 3/Thc 248 of E 8 



From table 2.20 we can identify dual generators in the 248 representation and associate an invariant mass 
squared to the multiplet: 

M 2 

- /V/| 248 ~ ;36 
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E\2 root 


Charge 


Dimension of SL(8) tensor 


Mass 


(l 3 , 2, 4, 6, 8, 10, 12, 8, 4, 6) 


Zaji...j 8 ,ki...k a 


1 


R 3 V Z 
/is 



Tabic 2.21 A third string charge multiplet in D = 3/The 1 of E$ 
The invariant mass squared is: 



RlV 4 
If 



We note that the invariant mass squared is the same over all three (the 3875, 248, 1) string charge multiplets 
in three dimensions - the Casimir of the representations of the internal group is a property of the spacetime 
algebra. 

We can carry out the same analysis for the possible membrane charge multiplets. With p — 2, we look 
for pi giving tud = 3 with h = in equation (2.7). The possible highest weights have non-zero Dynkin 
labels: 

{Pi = 3), {pi = 1,P2 = 1), {p 3 = 1), {Pi = 1,PW-D = 1), {Pll-D = 1) 

For p = 2 we must find a negative contribution to the squared root length in equation (2.9) coming from the 
Eu-d Dynkin labels, pi. This means that at least either pq-d or pu-D must be non-zero. Consequently the 
highest weight representation carrying the membrane charge is unique in the li representation, the 147250, 
having {pu-D = 1)- When h > we find the following highest weights carrying spacetime membrane charges 
with i? = 2,0,-2,...: 

(fc=l,P2 = l), {h=l, PW -D = l), (fc = 2,pi = l), (h = 3) 

Their highest weights have root lengths such that 1 < 0, —2, —4, —6 and they correspond to the 30380, 
3875, 248 and 1 respectively, as indicated in table 2.2. 

This process can be carried out to discover all the charge multiplets from the particle multiplet to the 
D — 1-brane multiplet in D dimensions. The results of doing so are shown in table 2.2 for three, four, five, 
six, seven and eight spacetime dimensions. 

The reader will notice that in addition to the well-known charge multiplets there are additional repre- 
sentations of Eu-d appearing in table 2.2. For example the particle charge multiplet in three dimensions is 
the 248 supplemented by a singlet 1, and the string multiplet is no longer just the 3875 but also the 248 
and the 1 of E 8 and so on. The existence of some of these extra multiplets were in fact argued for in [9] see 
for example section 7.2 or appendix C therein. The authors of [9] considered bound states formed from the 
particle and string charge multiplets, given in the M-theory language, and then looked to see if all the bound 
states of D-branes in the IIA or IIB language appeared. By identifying the omissions and arguing in favour 
of completing the spectrum of bound states extra charge multiplets were conjectured. The examples of [9] 
were in D=5 where a singlet corresponding to a bound state of a DQ and a DO brane in the IIA picture was 
predicted and in D=4 where an additional 56 and two singlets of E? were argued for to account for missing 
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bound states of the D7 brane, now in the IIB picture. It is straightforward to confirm that the mass of the 
exotic states in these examples agrees with the masses associated to the matching additional representations 
shown in table 2.2. The natural appearance of additional charge multiplets from En, completing the spec- 
trum of bound states in D=5 and D=4, is an interesting result tied up with the prediction that there exist 
further exotic states beyond those previously uncovered in the BPS spectrum but revealed fully here 3 . 

3 Mass and tension in toroidally compactifled backgrounds 

The identity between the U-duality symmetries of M-theory and the action of the Weyl group of E n 
was achieved in [8,9] by making use of a formula that gave the tension encoded in a weight vector . 

The tension formula was justified empirically but its origin appeared mysterious. The tension formula 
gave the known tension of p-branes, strings and particles corresponding to a weight vector in a D + 1 
dimensional vector space modulo the addition of the unique vector orthogonal to a I? dimensional (sub- 
sector space associated with spacetime. The unique orthogonal vector was shown to correspond to Newton's 
gravitational constant. In this section we give the main result of this paper: an algebraic formula for deriving 
tensions from the l\ charge algebra and show that it is consistent with the lower dimensional formula used 
in [6,7,8,9,10]. We apply the solution to find known brane and string tensions in M-theory, and the IIA and 
IIB theories, and retrospectively to reproduce the tensions of the brane charge multiplets derived in section 
2. Furthermore we are able to interpret the most part of the charge algebra as being associated to KK-brane 
charges and offer a classification scheme for these exotic charges within the h representation. 

3.1 The truncated group element as a vielbein 

The group element of l\ ® s En at low levels is, 

g = exp(z^) cxp(h a b K a b ) cxp(^A ClC2C3 R c ^) exp(l A^...^ 1 "* 5 ) . . . 

Where the ellipsis indicates the exponentiation of further generators of both the l\ representation of En as 
well as its adjoint representation. The restriction of the group element to the Cartan subalgebra, leaving only 
the components K a a of the K a b generators non-zero, corresponds in the nonlinear realisation to considering 
a diagonalised vielbein and metric, 

We recall the success in reconstructing the G +++ half-BPS solutions of the eleven dimensional, IIA and IIB 
supergravity theories [4] as well as the maximally oxidised supergravity theories [13] from the coefficients of 
the Cartan subalgebra in a truncated version of the group element given by, 

gp = cxp (— In NH ■ /?) exp ((1 - N)E fi ) (3.1) 

3 We thank the reviewer for drawing our attention to the comments in this paragraph. 

4 See, for example, equation (3.13) on page 30 of [9] 
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This group element encoded half-BPS solutions as a group element of En- In this group element the part 
of a general root, /?, occurring in the Cartan sub-algebra was singled out using the inner product of the root 
with the Cartan sub-algebra, H ■ (3. However in the present paper we work with the l\ representation of En, 
or charge algebra, which is defined in the twelve-dimensional lattice of £12. In this context it is natural to 
extend the form of the half-BPS group element of En to E\2, where we allow the inner product H ■ (3 to run 
over the twelve generators of the Cartan sub-algebra of Ei 2 . 

It will be fruitful to employ a change of notation at this stage in order to highlight the physical role played 
by the variables in the group element. There are two natural bases to work in, one uses the diagonalised 
generators, K a a , and the other uses the generators of the Cartan sub-algebra, H a . We now make a change 
of notation and substitute p a for the field h a associated to the generators, K a a . When we work in the basis 
of the Cartan subalgebra, H ai we will label the fields pre- multiplying the H a by q a . 

Let us consider a spacetime with a dimension compactified on a circle, the line element for such a 
direction becomes, 

(e 2 r<);dg = dxl 

Where £j is a circular coordinate taking values in the range [0, 2tt]. So that if the radius of compactifcation 
is Ri in the worldvolume, we find by integrating, 

Pi = In ^ (3.2) 

hp 

Where l p is the Planck length, and appears so that the parameters pi are dimensionless. For the non-compact 
directions we set all the pi to the same constant [14]. 

In the setting of the l\ representation we must also find an interpretation for associated to the 
additional coordinate. It was shown in [14] that the scaling of the Planck constant under T-duality was 
predicted by an En symmetry. In that paper the non-compact pi were set equal to the same constant C 
and the effect of the Weyl reflection in the root an was denoted by a primed index. It was shown that the 
non-compact parameters encoded the scaling of Minkowski metric of spacetime with respect to the eleven 
dimensional metric via, 

C'-C = In l f (3.3) 

One way to satisfy this scaling is by setting C = hi(J-) = Pi- We propose to treat the extra coordinate in 
the l\ representation as such a non-compact parameter and we set: 

p* = Mr) ( 3 - 4 ) 
ip 

And, indeed, 

Pi = H-r) 

for all non-compact coordinates. This choice for the non-compact pi introduces dimensionful parameters 
into the group theory with the dimension of mass in Planck units. A consequence of being a massive 
parameter means that the fully-compactified theory will also have a dimensionful parameter. 
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While this interpretation of the vierbein associated to the additional coordinate is motivated as a 
particularly simple solution of equation (3.3), it appears appears to be on the correct footing, having a 
comparable form to that of the compact parameters pi coordinates, and also being dependent only upon the 
Planck length. Ultimately we will rest upon the successful reproduction of the brane tensions as shown in 
the latter sections of this paper and on the correct tensions in the brane charge multiplets of section 2 to 
justify the choice of p*. 

Upon reduction to the ten dimensional IIA theory we may interpret the radius of the compact direction 
in terms of the string length, 

Pn=m(^)=ln( 5 f) = ln(^) 2 

Where we have used Rn = g s l s and 1^ = g s P s which are well-known identifications but which may be 
independently derived solely from considering the En algebra [15]. 

One can make similar speculations for the l\ extension of the K27 algebra related to the twenty-six- 
dimensional bosonic string, for which the Dynkin diagram is shown below, 




In this case we have twenty-six p^s related to the spacetime coordinates, which we can interpret in a 
similar way as for En, i.e. pt = In and two more, P27 and »*. We would like to make a similar association 
with energy to the * node, i.e. p* = j-, and we also have the dimensionful constant of string length which 
we associate with P27, specifically one might take P27 = (7 s -) 2 , and see if it leads to sensible and consistent 
results, but this is beyond the scope of the present work. 

3.2 A tension formula 

As we have mentioned the l\ representation is conjectured to be the charge algebra of M-theory. For 
each brane solution in the En adjoint algebra there is a corresponding brane charge in the l\ representation. 
The li representation is described equivalently by roots in the Ei 2 lattice or weights in the En lattice. For 
each extremal half-BPS brane the brane charge is equal to the mass. We conjecture the following mass 
formula for an E12 root, /3, 

= </?|exp(g a a a -ff)|/?> 
<(3\/3> (3.5) 

= exp (q a a a -(3) 

Where H a = a a - H are generators of the E12 Cartan subalgebra. It is the expectation value of the half-BPS 
brane solution group element of equation (3.1) generalised to the E12 lattice. Where the Cartan sub-algebra 
now has twelve generators. We note that the generators which act as raising and lowering operators on |/3 > 
are projected out as we take the same bra as ket and all that remains of the group clement is the Cartan 
sub- algebra component. 
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We note here the effect of Weyl reflecting a root (3 prior to applying the expression in equation (3.5). 

Recall that the Weyl reflections for a simply laced algebra act on the root lattice as: 

c i \ <a a ,a b > 

b a {ab) =OL a - I a b = a a — A ab a b 

< a a , a a > 

Where A ab is the Cartan matrix. Under this reflection Zs a tp\ is: 

<S a (f3)\exp (g b a b -H)\S a (P) > 
Zs ^) ~ 

= cxp(q b a b -(S a (3)) 

= Zp exp (-q b A ab (a a ■ (3)) 

= S a (Zp) 

A Weyl reflection of a root in the E\2 lattice transforms the radii of the compact physical brane solution 

and gives a correction to the mass formula for the original brane solution as shown. We will make use of this 

expression in the IIB scenario to find the change in the mass formula for known solutions which undergo an 

S-duality transformation. 

We may write (3 in terms of the fundamental weights, Zj, of E\2, 

n 

(3 = ^2 < (3,ai> k = ^2 hik 

i=*,l 

Now, we have, 

Zp = exp (q a a a ■ 13) 
= exp (q a n a ) 

The coordinates are now in the Chevalley basis, H a , whose algebraic interpretation we understand but we 
would prefer to use a different basis, K a a , whose physical interpretation is clear [14]. We change basis to 
obtain an expression in terms of p a , the coefficients of K a a , so we may interpret this as a mass formula using 
equations (3.2) and (3.3). Defining the transformation p : K a a — ► H a and using, 

H a = K\ - K a+1 a+1 o = *,l,2,...10 

H u = + K\ + ... + K\) + 1(K 9 9 + K 10 w + K u u) 

Then, 
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Now, 

q a a a ■H = p a -p- 1 -p-K a a =p a -p- 1 -H 
Where we have suppressed the indices on the matrix p. For example we may read off, 

q* = ~{-%p* +V1+V2 + ■■ -Pi\) 

We now have, 

Zp = cxp(p a ■ p- 1 ■ h a ) 

(3.7) 

= cxp(n a ■ (p-T ■ Pa) 

For convenience we make a further basis transformation and express the fundamental weights of £12, k, in 
terms of the 12-dimensional vector space basis, e,, that we made use of in section 1, 

We observe that the basis transformation R : li — > ej is R = (p) T and h l p~ lT = m' , giving a more convenient 
form for Zp when substituted in (3.7), 

Zp = exp(m • p) 

And making use of equations (3.2) and (3.4), we find a formula that we may interpret as a mass for toroidally 
compactified dimensions, 

Zp = (yT' II(^r* (3-8) 

Where (3 = X)l=* 1 m i e i- For the l\ representation = 1. This formula gives the results found in [6,7,8,9,10] 
directly from the algebra without the need to work modulo the addition of an orthogonal vector corresponding 
to constants of the theory. In particular see equation (4.28f) on page 54 of the review [9] where the mass of 
the Kaluza-Klein mode is found modulo the addition of a vector orthogonal to the fundamental weights of 
the En-D algebra. 

We observe, in passing, that in the review [9] there is an orthogonal vector which in the presentation 
here is played by the y vector used in section 1 - i.e. it represents the part of the l\ representation that is 
orthogonal to the roots of the E n algebra. In [9] this orthogonal vector encoded Newton's constant. In the 
present case y too is a function of Newton's constant. The vector y — e* — \{e\ + ■ ■ ■ en) has a mass, Z y 
where, 

z v = U r llp \ )* = ^ = "n 
ip Hi . . . tin 

Where kh is the gravitational constant in cloven dimensions. Thus the orthogonal vector y encodes the 
gravitational coupling constant, K n . 

3.3 Brane tensions from weights of the li representation 

Now we apply the mass equation (3.8) to low level weights in the h representation which correspond in 
the various decompositions detailed in section 1 to charges of M-theory, the IIA string theory and the IIB 
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string theory. The process is simplified immensely by deriving the tension in a background where the brane 
solution is wrapping a torus. That is the charge, which is identified with the mass for the extremal solutions, 
is contained entirely on the surface of a torus. 

3.3.1 Compactifications of M-theory 

As described we compactify each p-brane solution on a p-torus in the eleven dimensional background. 
In this case the tension is derived from the mass by dividing by the p-torus volume. Let us look at specific 
examples occurring at low levels in the l\. The relevant decomposition is given explicitly in section 1, and 
the algebra is split into representations of Ai$ graded by the level m\\ given in equation (1.1). At level m\\ 
we must solve 

-A+ 1 + life = 3mn 

With the exception of the translation generator (for which k=0) we will restrict ourselves to the solutions 
where k — J2Pii which corresponds to generators with no blocks of eleven antisymmetrised indices (i.e. 
trivial volume forms e) , in which case we may rearrange this formula to get an expression in terms of the 
number of indices # = £^(11 — i)pi, 

# = 3toh - 1 

At level mn = the corresponding charge has —1 indices, which we may interpret as one contravariant index. 
The solution has k = 0, p\ = 1 and all other Pi = and corresponds to the charge P a . The corresponding 
root from equation (1.2) and its mass according to equation (3.8) are 

(i pp = e* - ei Zp pp = — 

Where we have singled out R\ as the radius of a compact direction in which the pp-w&ve circulates. This is the 
mass of a KK-mode, or compactified pp-w&ve solution, in which momentum circulates around the compact 
direction. The radius Ri has been singled out in this example, but there is a democracy of spacetime 
coordinates that can be seen under the Weyl reflections of the gravity line. The simple root we have used 
here is a* but under the Weyl reflections of A w may be rotated into a* + a x + . . . + on where i < 10, which 
have mass In what follows the results will be given modulo the A w Weyl reflections and particular radii 
will be given in the mass formulae but as in this example there are no inherently special spacetime directions 
particular to the solution. 

At level mn = 1 we find a two index charge, associated to the M2 brane charge. Specifically we solve 
equation (1.1), 

-A + Ilk = 2 

This has a solution with p 9 — 1 and all other Pi = (implying k = ^Pi = 1), such that by equation (1.3) 
[3 2 = 2. The corresponding root, from equation (1.2), and its mass according to equation (3.8), are, 

a II ry -RlO-Rll 

PM2 = e* + eio + en Zf3 M2 = — - — 

l p 
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We calculate the tension by dividing through by the torus volume that the brane is wrapping, for the M2 
brane wrapped on a 2-torus in the x 10 , x 11 directions we divide by V 2 = (2tt) 2 Ri Ru giving, 



M2 = — - 



V 2 (2tt)2Z3 

This is the tension [26] of the M2 brane. 

At level mn = 2 we find the charge corresponding to the M5 brane, having p & = 1 and all other Pi = 
such that 1 = 2, giving a root with mass, 

a 111 r? R7R8 ■ ■ ■ Ru 
PM5 = e* + e 7 + . . . + en Zp M5 = -g 

Dividing through by the surface area of a 5-torus, V5 = (2ir) 5 R7Rs . . . Ru, we find the tension [19] of the 
M5 brane, 

Tm5 = 



_ Z 0M5 



V 5 (2tt)5Z6 

At level mn = 3 we find the charge corresponding to the dual graviton or KKQ monopole, having 
Pi = P7 = 1 and all other Pi — such that j3 2 = 2, giving a root with mass, 

a 1 I 1 1 o V R5R6 ■ ■ ■ RioRu 

Pkkq = e* + es + . . . + eio + 2eu ^p KK & = 7^ 

Dividing through by the surface area of a 7-torus, V 5 = {2ir) 7 R 5 R$ ...Ru, we find the tension, 

rp _ z Pkks _ 
KK6 ~ V 7 (2tt) 7 Z9 

The tension here is sensible only in the compact setting. Upon decompactifying (Ru — * 00) the tension 
diverges. This is an example of the tension of a Kaluza-Klcin brane, the higher-dimensional analogue of 
the Kaluza-Klein monopole. Let us define a KK-brane to be objects related to p-branes by U-duality 
transformations whose tension is dependent upon the radii of compactification of the background. The 
KK6 has a Taub-NUT fibration in the Ru direction, in our notation. We will find that most tensions 
arising from the charge algebra will diverge when carried over to the non-compact setting and associated 
to KK-branes carrying a generalisation of the four-dimensional Taub-NUT charge (for a discussion of the 
higher-dimensional Taub-NUT charge see [22]). 

Let us now turn away from specific cases and look at the mass given by the general Ei 2 root in the l\ 
representation of Eu- By this we mean putting the coefficients of the solution given in equation (1.2) into 
equation (3.8). We find, 

P n=l P P 

pfe-(pi + ...+pi ) r>k-(p 2 +...+Pw) r>k-p 10 D k 

_ -ft-i -n-2 • • • ^10 rt n 
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To find the tension we now divide through by the volume of the relevant compact torus. And now we 
hit a snag. In our previous tension calculations we knew the charge and hence the brane solution we were 
considering ab initio. It was therefore clear that for a p-brane solution we could wrap the charge on a p-torus 
and then divide through by the volume of the p-torus to find the tension. In our approach to a generalised 
tension formula we do not know the particular solution and neither do we know relevant p-torus volume to 
divide the mass formula by. In the general case we expect a monomial in the radii to remain even after we 
have divided the mass formula by the appropriate p-torus volume. We have already seen an example of this 
in the case of the KK6 or dual graviton tension, where a single power of Ru remained in the expression for 
the tension. 

We shall therefore insert a parameter, ft, that will keep track of all the remaining radii after the 
appropriate p-torus volume has been divided out. This parameter is introduced to keep our expressions 
compact and in any particular solution it will be straightforward to give explicitly. Our next step is to 
divide the mass formula by the part of its numerator which corresponds to the unknown p-torus volume with 
each radius dressed up with 2n. That is we divide by a volume V p ~ (2irR) p , with one 2nRi for each radius 
that occurs, where, 

V p fl = (2nR 1 ) k -^ 1+ - +Pl ^(2TTR 2 ) k -^+- +P1 ^ . . . (2nR w ) k ' Pl0 {2i:R ll ) k 

_ /2 7r > )3mii-l^fc-(pi + ---+Plo)^fe-(p2 + ...+pio) R k ~ Pl0 R k 
\ J X 2 10 11 

Returning to our general formula and dividing by the volume V p of the relevant p-torus we find the tension 
for all solutions of the l\ representation is: 

ft 

'T' 

~ (27r) 3m "- 1 Z| roi1 

n 

" (2ir)*l* +1 

Where we have used # = —A + Ilk, which for the special class of roots with k = J2iPi ^ s the number of 
indices on the charge. 

We observe now that SI does record a property of the solution, for whenever is not a constant the 
solution has a divergent tension in the non-compact setting. In this case the tension has a form associated to 
KKp-branes - objects included by duality arguments into brane charge multiplets in the eleven dimensional 
theory but really associated to KK-waves and winding modes in lower dimensions. For example in the case 
of the KK6 brane tension considered earlier ft — 2nRu. Indeed in [6,8,17,21] non-perturbative sets of 
higher-dimensional Kaluza-Klein branes have been found and their masses given for M-theory, IIA and IIB 
theories. The KK-branes of string theory found in [21] constitute a class of solutions derived from the D7 
brane and have masses proportional to 4j . Indeed objects whose mass, Z, is proportional to ^_ where n > 3 
have a non- vanishing gravitational field strength, F oc GZ oc g^Z in the weak coupling limit (g s — > 0). States 
with these masses do not therefore admit an asymptotically flat spacetime [6]. The weak coupling limit is 
not sensible for these states, and their presence in M-theory remains an unsolved puzzle. We will identify in 
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the l\ representation the states of this sort including those discussed in [21] and for the M-theory, IIA and 
IIB theories we will find highly non-perturbative masses proportional to arbitrary positive powers of j- for 
M-theory and jj- for the string theories. 

In the h representation of En we find the following roots in the E i2 root lattice with associated mass 
as shown, 

a , Of I I \ I o ry (-^4 • • • Rw) 2 Rll 

Pwm 7 — e* + *{e4 + . . . + e w ) + den ^wm 7 — — 



(3m2 6 = e* + (e 4 + e 5 ) + 2(e 6 + . . . en) 



I 18 

R^R^Rq . . . RiiY 

>M2 6 - 7i5 



a , I \ , cf \ ry Ri ■ ■ ■ RS,{R$ ■ ■ ■ Rllf 

PM5 3 = e» + (e 4 + . . . + e 8 ) + 2(e 9 + . . . en) Z M 5 3 = J12 

These roots have masses which agree with deformations of the fundamental states of M-theory that were found 
in [21]. These states were argued to exist in the eleven dimensional theory in order to explain the origin often- 
dimensional string theory KK-branes whose existence is inferred from U-duality transformations. Following 
the notation of [21] the additional M-theory solutions are labelled WM->, M2 e and M5^. It was recognised 
[21] that these charges appear in the superalgebra but the attempt to include them in the expansion of the 
anticommutator, {Q,Q}, were artificial whereas the supercharges arise naturally in the h representation of 
En. 



Level 


M Pi 


Mass 


i?i2 Root 


Root length 


(mil) 






(ei basis) 


squared 


3 


M61 


l v 


(1,0,0,0,0,1,1,1,1,1,1,2) 


2 


4 


M5 3 


R4 i?5 Rg R7 Rs Rg RiqRw 


(1,0,0,0,1,1,1,1,1,2,2,2) 


2 


4 


M7 2 


2 2 

-R3 R4R5 Re R7 Rs R9 R10R11 


(1,0,0,1,1,1,1,1,1,1,2,2) 





4 


M9i 


" 2 
R.2 R3 R4 R5 Re R7R& R-9 RioRn 
112 

> 


(1,0,1,1,1,1,1,1,1,1,1,2) 


-2 


5 


M8 3 


R1R2 R3 R&R§ Re R7 Rs Rq R±qRh 


(1,1,1,1,1,1,1,1,1,2,2,2) 


-4 


5 


M2 6 


ry ry t>2 r->2 t>2 t>2 r>2 tj2 
iX4 -TL5 xtfj Ttj iX^ Jt.q it. q ± \ ^ ^ 

715 


(1,0,0,0,1,1,2,2,2,2,2,2) 


2 


5 


M4 5 


D D D D Z?2 t-)2 ry'2 j~>2 j-,2 
1X31X4.11-, it it - il s; i t <) if r£ 1:L 

715 
L P 


(1,0,0,1,1,1,1,2,2,2,2,2) 





5 


M63 


D D D D D D r>2 r>2 j->2 n2 
it 2 ii-3 J 1-4 ' > . ' 1 ' - • ' i(] Jl-i 1 

/15 

V 


(1,0,1,1,1,1,1,1,2,2,2,2) 


-2 


6 


M5 6 


R2 ^t'r, TV.fj 1y~ liz, 1<~) ^10-^11 


(1,1,1,1,1,1,2,2,2,2,2,2) 


-6 


6 


Mis 


E? d2 r>2 r>2 r>2 r>2 r>2 r>2 r>2 
/IS 


(1,0,0, 1,2,2,2,2,2,2,2,2) 


-2 


6 


M3 7 


D D D r>2 7->2 r»2 r>2 r>2 j )2 p2 

rt2 ii-3 ii.4-11.5 ii ( - it.y it s ii.,j Ji iq 


(1,0,1,1,1,2,2,2,2,2,2,2) 


-4 


7 


M2g 


Z? r? r>2 jy2 jy2 yy2 t->2 r-,'Z ry2 ryZ jy'A 

iXl /T2 i 1 3 i * -4 i 1.5 i'-(; i 1 7 i i-s i tg if. 10 it 1 1 
/21 


(1,1,1,2,2,2,2,2,2,2,2,2) 


-10 


7 


MO10 


n2 J?2 r>2 r>2 r>2 r>2 r>2 r>2 r>2 r>2 

2 S 4 5 6 7 8 9 10 1 1 
721 
'p 


(1,0,2,2,2,2,2,2,2,2,2,2) 


-8 



Table 3.1 The full set of M-theory Mpi branes from the h representation of En 



We emphasise that these are a small set of all the KK-branes of M-theory the full set of which is 
contained in the h representation of En. Indeed it seems the role of the variable k used in section 1.1 in 



the decomposition of the l\ representation classifies the different types of KK-branes that appear. From 
equation (1.2), or from the expression for the mass, Zp, one can see that the dependence on the eleventh 
radius i?n is controlled by k. The KK-branes have masses with powers of the radii greater than one, and 
since k is also the greatest radial power appearing in the mass formula one could use k to classify finite 
sets of KK-branes. For example in M-theory one could look for all the KK-branes with masses quadratic in 
the radii by listing the roots with k — 2. From table A.l, one finds the following, given explicitly in table 
3.1: M6i,M5 3 ,M72,M9i,M83,M2 6 ,M4 5 ,M64,M56,Ml 8 ,M3 7 ,M2 9 where the script number refers to 
the number of linear radii and the subscript to the number of radii which are squared in the mass formula. 

3.3.2 IIA supergravity 

To study the ten-dimensional HA theory the l\ algebra is decomposed into representations of the Ag 
subalgebra formed from the roots numbered 1 to 9, in the E\i Dynkin diagrams shown in the introduction. 
The decomposition was carried out in section 1 and a general root given in equation (1.4). We now find the 
formula for the mass this general root as given by equation (3.8), 



9 

In i In In In 



^(mn-mio) 

n=l lp 
j^k-(p 1 +...+p a ) j^k-{p 2 +...+po) R k ~ Pg R k Jl m n- m w 



;3mn 

To find a convenient notation we divide through by the appropriate volume V p as before to remove the radial 
dependencies, i.e. we divide by 

/o A 10k A 

T/ — y Zn > pfe-(pi + — +P9) p fc -(P2 + .-.+P9) pfc-P9 T)k 

Vp = ^ ti x H 2 ... -Kg K w 

giving, 

n 

~ (2n)#gT w lf +1 

Where we have made use of the identities i?n = g s l s and 1^ — g s lg- As before we have defined # = lOfc — A 
and in the case where k = Pi, # is the number of indices on the corresponding generator in the algebra. We 
now may pose the question: which roots in the algebra have tensions with a single string coupling constant in 
them. Immediately we see we are looking for the roots such that m w = 1. Now # = 2mn+m w — 1 = 2m\\. 
Therefore we note that the charges we will find matching this criteria will have an even number of indices 
if they exist in the algebra. Specifically m w = 1 gives q = — k + 1 and so 2mn = — A + 10k. The cases 
where k = an d where only a single p, is nonzero and equal to one we have k = 1 and we must solve 

2toii = 10 — A > which has solutions for A = 0, 2, 4, 6, 8 corresponding to the D10, D8, D6, D4, D2 brane 
solutions. For each Dp-brane we have P(w~ P ) — 1 with all other pi = 0. Therefore for these cases, we have 
# = p where p is even and less than ten, we find, 

1 



t Pd p - 



(27T)PgJ P+1 
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Which is the tension formula for the RR D-brane charges of the IIA theory. The DO-brane charge occurs 
when all pi = so that # = 0, consequently, 



Pdo = e* — en 



9sh 



i a' 



Note that the result is precisely given by by the tension formula from Pdo and not modulo an additional 
orthogonal vector as was the case for the KK mode of [9]. The fundamental string charge is listed at level 
(1, 1) in table A. 3 in the appendix - it's highest weight generator is associated to the root (3fi — e* — en 
and its tension is: 

T - J- 

0F1 27T/2 

One can also identify the tension of the NS5 brane, whose charge is associated to the root 0ns5 — e* + e& + 
e 7 + e 8 + e 9 + e n appearing at level (3, 1) in table A3. The corresponding tension is: 



T " NS5 (2*) B tfl5 

Amongst the weights in the l\ representation of En one can use the tension formula to identify the roots 
corresponding to the KK-branes of the IIA theory given in [21], namely the DOr, D2$, ZM3 and D61 which 
are all derived from the D7 brane by U-duality transformations. Using table A. 2 in the appendix we may 
identify: 

Pdo 7 = e* + 2(e 4 + . . . + e w ) + 3en 
0D2 5 = e* + (e 4 + e 5 ) + 2(e 6 + . . . en) 
/3_D4 3 = e„ + (e 4 + . . . + e 7 ) + 2(e 8 + . . . e w ) + en 
/3r>6i = e» + (e 4 + . . . + e 9 ) + 2ei 

One can use the parameter k to classify the KK-brane solutions; in the IIA decomposition k is the coefficient 
of eio- The full set of Dpi branes, where i indicates the number of directions with a Taub-NUT fibration, 
corresponds to all the weights in the l\ representation having k = 2, shown in table 3.2. 
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Zd ^ 37T5 



(i? 4 . . . i?io) 2 
i? 4 i?5(i?6 ■ • • RloY 



ZD2 5 - ;i J: , 

_ R4, . . . Rr(R8 ■ ■ ■ i?io) z 
R4 . . . Rq(Rio) 

Zd ^ ~ 3/9 



Level 




Mass 


E 12 Root 


Root length 


(mio.mii) 






(ei basis) 


squared 


(2,3) 


Dbi 


i?5 Re Rj Rs R-9 Rfo 

gUi 


(1,0,0,0,0,1,1,1,1,1,2,1) 


2 


(3,3) 


D6 1 


Ra R- r,-. r., p„ r„ 

-TL4 1 15 1 !.(■; i 1.7 i 1 ^ i l.Q -rt-lO 


(1,0,0,0,1,1,1,1,1,1,2,0) 


2 


(2,4) 
(2,4) 


D5 2 
D7x 


Rl «5 -«6 -«7 «8 «g -«io 
i?3 -R4 -Rs % 7 -R8 flg -R?n 


(1,0,0,0,1,1,1,1,1,2,2,2) 
(1,0,0,1,1,1,1,1,1,1,2,2) 


2 



(3,4) 
(3,4) 
(3,4) 


D4 3 
D6 2 
D8-L 


R, R,- R,- R-, R-^ R-^ R^ 
it 4 iX5 iX6 -il-7 -fig _n,Q ix^o 

s^ 1 2 2 

-R3 -R4 -^6 R7 R-S Rq -^10 

R2 R3 R4R5 R6 R7 Rs R9 ^?io 


(1,0,0,0,1,1,1,1,2,2,2,1) 
(1,0,0,1,1,1,1,1,1,2,2,1) 
(1,0,1,1,1,1,1,1,1,1,2,1) 


2 


-2 


(4,4) 


D9i 


Ri R2 R 3 R^R^ R$ R~j Rg R>q R\q 

giil 2 


(1,1,1,1,1,1,1,1,1,1,2,0) 


-2 


(4,4) 


D5 3 


D, R . R- R„ R„ R 2 R 2 R 2 
.1x3 4 -fi 6 Jx-7 -'i-g ^<"9 J *'l0 


(1,0,0,1,1,1,1,1,2,2,2,0) 


2 


(4,4) 


D7 2 


D D D D D D D I'} — / > — 

Jt-2 J13 -/t-4 ix5 Jt-6 1 t-7 ty-S -tl-g * *- 1 


(1,0,1,1,1,1,1,1,1,2,2,0) 





(5,4) 


D8 2 


i?i i?2 -R3 -R4 Rg R7 Rs Rq Rio 

gW 


(1,1,1,1,1,1,1,1,1,2,2,-1) 


2 


(2,5) 
(2,5) 
(2,5) 


£)9i 
Dh 
D7 2 


Ri R'2 R3 R4 Rs Rs R-7 Rs ^9 -^1 

g 2l l 2 

R.-. R . R- R„ R- R 2 R 2 R 2 

1x3 it.±n i 1 (; it , it s ii 
7?2 i?3 i?7 ^?9 ^?io 


(1,1,1,1,1,1,1,1,1,1,2,3) 
(1,0,0,1,1,1,1,1,2,2,2,3) 
(1,0,1,1,1,1,1,1,1,2,2,3) 


-2 
2 



(3,5) 


D8 2 


Ri R'2 R3 R-4 R-5 Rs R7 Rs Rq R\o 


(1,1,1,1,1,1,1,1,1,2,2,2) 


-4 


(3,5) 


D2 5 


.R4 -Rs -R 2 ; -R? -R? -R 2 , -R 2 

R„ R. R~ R„ R 2 R 2 R 2 R 2 
il 3 it 4 it. 5 il Q JXj iXg xXg Jlin 


(1,0,0,0,1,1,2,2,2,2,2,2) 


2 


(3,5) 


DAi 


(1,0,0,1,1,1,1,2,2,2,2,2) 





(3,5) 


D6 3 


J? 2 -R3 Ri Rs R&RtR-I Rl R\q 
g 3 Jl 3 


(1,0,1,1,1,1,1,1,2,2,2,2) 


-2 


(4,5) 
(4,5) 


D7 3 
Dl 6 


Ri R 2 Rs Ri Rs Re R-7 Ri Ri Rf 
gii L / 

T~> 77>2 r>2 j-y2 ri2 t)'2 r>2 

Jt-4 ^7 rt a rt q rt in 

D, R . R_ R 2 R 2 R 2 R 2 R 2 

gin 4 


(1,1,1,1,1,1,1,1,2,2,2,1) 
(1,0,0,0,1,2,2,2,2,2,2,1) 


-4 
2 


(4,5) 


D3 5 


(1,0,0,1,1,1,2,2,2,2,2,1) 





(4,5) 


L>5 4 


~D D D D D D 2 d'2 r>2 t~>2 
it- 2 it 3 iX4-fT5 iX6 it 7 itg iXg it^Q 


(1,0,1,1,1,1,1,2,2,2,2,1) 


-2 


(5,5) 


DQi 


R R R R R R R-^ R-^ R-^ R-^ 
-fxi iX2 ii-3 i i-4 i i-5 i ' 6 il-7 -* *-g JXq i x-^ q 

gpl 5 


(1,1,1,1,1,1,1,2,2,2,2,0) 


-2 


(5,5) 


D2 6 


R R R 2 f,>- T?- R 2 R 2 R 2 

iX3 il.4 it- ; il(5 iVy il,^ il.Q iX-j^Q 

R2 R3 R4 R5 Rg R7 R$ R() -Rio 
g 5 Jl 5 


(1,0,0,1,1,2,2,2,2,2,2,0) 


2 


(5,5) 


£>4 5 


(1,0,1,1,1,1,2,2,2,2,2,0) 





(6,5) 


D5 5 


Ri R2 R3 R4 R?> Rq Rj R-g Rq -^?io 
gW* 


(1,1,1,1,1,1,2,2,2,2,2,-1) 


2 


(2,6) 


D7 3 


R, R,R,R.R-R, R- R 2 R 2 R^ 
ixi il2 it3 i 1.4 i 1.5 ivfi iV-7 ii.g i i.Q JI4Q 


(1,1,1,1,1,1,1,1,2,2,2,4) 





(2,6) 


L>5 4 


i?2 ^?3 R4R5 Rg R?R% Rg R\o 

g 2 J^ 


(1,0,1,1,1,1,1,2,2,2,2,4) 


2 


(3,6) 
(3,6) 


L>6 4 
D0 7 


Ri R2 R3 R4 R5 R(> Ry R-h R-7) -^10 

R 2 R 2 R 2 R 2 R 2 R 2 R 2 


(1,1,1,1,1,1,1,2,2,2,2,3) 
(1,0,0,0,2,2,2,2,2,2,2,3) 


-4 
2 


(3,6) 


D2 6 


R 3 RiR 2 RiR 2 RiRiR 2 
g'Pl b 


(1,0,0,1,1,2,2,2,2,2,2,3) 





(3,6) 


£>4 5 


R 2 R 3 Ri Rs R 2 6 R 2 Rl Ri R 2 
g :l J^ 


(1,0,1,1,1,1,2,2,2,2,2,3) 


-2 


(4,6) 


£>4 6 


R1R2R3 Ri Rs Ri Ri Ri Ri Rfo 

sill* 

R„ R 2 R 2 R 2 R 2 R 2 R 2 R 2 
it.3if.,l ii -, i» (j i * - 11 v il 9J1 10 

D D D T>2 j->2 n>2 r>2 7->2 tz> 2 
it- 2 it 3 -ft-4 itc; i t-fj il 7 il ii.9 il-io 

giH« 


(1,1,1,1,1,1,2,2,2,2,2,2) 


-6 


(4,6) 
(4,6) 


Dl 7 
D3 6 


(1,0,0,1,2,2,2,2,2,2,2,2) 
(1,0,1,1,1,2,2,2,2,2,2,2) 


-2 
-4 



44 



Level 
(mio,TOn) 



Mass 



Ri R 2 R 3 Ri Rj Rj Ry Rj Rj Rj 

p2 t~>2 r>2 jy2 p2 n2 j~>2 j-,2 



T~> r> E>2 rt'2 r>2 jy'2 j~>'2 tt>2 j->2 
' I _ ' I . J I4 Jf-r, J I f -; J l.y il-g J 1-9 Jl'lQ 



£12 Root 
(ej basis) 



Root length 
squared 



5,6 
5,6 
5,6 



D4 6 
D2 7 



Ri R2 R3 R4 R§ Rq R?R% RgRiQ 

iPF 

T~> n2 r>2 p2 r>2 r>2 p2 p2 n2 
it. 2 -^3 4 5 iXg rt^. JXg-TCQ -fX-^Q 



1,1,1,1,1,2,2,2,2,2,2,1 
1,0,0,2,2,2,2,2,2,2,2,1 
1,0,1,1,2,2,2,2,2,2,2,1 



6,6 
6,6 



D3 7 



1,1,1,1,2,2,2,2,2,2,2,0 
1,0,1,2,2,2,2,2,2,2,2,0 



E> E> r>2 r>2 r>2 n2 r>2 r>2 r>2 r~>2 
iX 1 iX2 il 3 i< 1 r > 6 7 8 ^9 *^10 

iPF 

r?2 r>2 r>2 r>2 r>2 r>2 r>2 r>2 jy2 

it. 2 ^13 il 4 ii 5 iXg iXyiXg iXg iX-^Q 



-4 
-2 



7,6 
7,6 



£2 8 
D0 9 



(1,1,1,2,2,2,2,2,2,2,2,-1) 
(1,0,2,2,2,2,2,2,2,2,2,-1) 



£>5 R 



fll i?2 R3 R-4 R-5 Rj R? R-t Rf, Rjg 

"ffFP 



1,1,1,1,1,1,2,2,2,2,2,5 



Ri Ri R 3 Ri Rj Rj Rj Rj Rj Rj a 

gpl 7 

r>2 r>2 t)2 r>2 r?2 r?2 r?2 p2 

iXg XX4 il - il,£ il,y iVg iXg iX-^Q 

5FF 

fl 2 R 3 RlRtR 2 6 R 2 7 RlR 2 g R 2 10 

"SSI 



3,7 
3,7 
3,7 



D4 6 
£0 8 
D2 7 



R1R2R3 Rj Rj Rj R 2 Rj Rj Rj 
aPl 8 

R 2 R% RlRlR%R%R%RlRl 



1,1,1,1, 
1,0,0,2, 
1,0,1,1, 



1,2,2,2,2,2,2,4 
2,2,2,2,2,2,2,4 
2,2,2,2,2,2,2,4 



4,7 
4,7 



D3 7 
DU 



1,1,1,1,2,2,2,2,2,2,2,3 
1,0,1,2,2,2,2,2,2,2,2,3 



RiR. 2 R 2 3 Ri Ri, R 6 R 2 R'i R'i R 2 10 
ffy 2 

i?2-^-3 -^''l " ^'(j J ' l> '" -^''^ ^*''9 ^10 

sM a 



5,7 
5,7 



D2 8 
D0 9 



1,1,1,2,2,2,2,2,2,2,2,2 
1,0,2,2,2,2,2,2,2,2,2,2 



7? 7?^ Til p2 r>2 r?U rj^ r">2 r?2 

iXl -0-2 i 1-3 il -| il -rj il f - il y i Vg iXg -tX^Q 

= 9p 2 ,° ~ 



-10 



6,7 



Dl 



9 



T}^ 7?3 ~d'2 ry'A ry'A r~>~ jy'A 
IX Y -tt-2 5 1 r C ' 8 9 10 

all! 1 : 



1,1,2,2,2,2,2,2,2,2,2,1 



-10 



7,7 



£>Oio 



1,2,2,2,2,2,2,2,2,2,2,0 



Kl fl 2 «3 B4 «5 «6 -Rs R't Rio 

ffP? ' 

7Z>2 T7>2 r>2 ri2 rj2 r>2 r>2 r->2 r->2 
il 2 i' 3 J 1-4 ) ■''6 7 8 9 10 

' sill" 1 



3,8 
3,8 



£2 8 

DOg 



1,1,1,2,2,2,2,2,2,2,2,5 
1,0,2,2,2,2,2,2,2,2,2,5 



D o2 r>2 7-) 2 i-)2 T32 p2 r>2 r?2 r>2 
iX. 1 ilg i 1-3 il -'i il -rj il f - il y i Vg iXg iX^Q 

= ifjg — 



■1. - 



£>lo 



1,1,2,2,2,2,2,2,2,2,2,4 



r/A T)'l n2 t->H r>^ r>^ 

iX. ^ XX2 i 1-3 il 1 ilf, il ■{"; i 1 yi* s i X9 -fX^Q 



-10 



5,8 



DO 



10 



r>^ r?-^ 7?^ n-^ t>'^ t?^ t>'^ r?- r/ 

1 2 3 4 5 6 7 8 9 



-14 



3,9 



DO 



10 



1,2,2,2,2,2,2,2,2,2,2,6 



Table 3.2 The full set of IIA Dp^ branes from the l\ representation of En 



3.3.3 IIB supergravity 

We repeat the process applied to the IIA case but making use of the IIB variables. The decomposition 
was carried out in section 1 and a general root given in equation (1.5) which we use with equation (3.3) to 
find the mass, 



y 

Z p = — Y[ ( Rn ) (fc ~^t" P')( J?1 ° y-fc^ 11 )(m 9 -fc- 



I) 



P „ =1 P 

pfe-(pi + .--+P8+Pn) n^-fe + .-.+Ps+Pii) jjk-pn Tjl-k jjmg-k-l 
JX^ ^2 ■ ■ ■ 9 10 11 

;3mn 
ip 

To find a convenient notation for the tension we divide through by the volume to remove the radial depen- 
dencies, i.e. we divide by 



V p = 



_ (27r)( - 1 jjk-(p 1 +...+p & +p 11 ) 7 ? fc-(p2 + ---+P8+Pll) 



-Ri 



pK-lP2-t-----t-P8-t-iuilJ r>k-p lt Afe 

n 2 . . . rt 9 n w 
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This contains the volume of the compact spacetime torus as a factor and as before we record remaining 

i 3 

powers of 2-kR in a factor, f2. We have used the notation R w = Rm P Rll [15] so that, 

n 

i 3 
Ri 

then we have, 



Where we have used the IIB parameters l 2 s = and g s — If, as before, we define # = 10k— A = 2m 9 — 1 







As before, in the case where k = ^2iPi, # is the number of indices on the corresponding generator in the 
algebra. We now may single out the tensions with a single g s appearing. In this case we are looking for 
roots with I = mio = 1. Now jj= = 2mg — 1. Therefore we note that the charges we will find matching this 
criteria will have an odd number of indices if they exist in the algebra. Specifically where k — an d 
where only a single p. L is nonzero and equal to one we have k = 1 and we must solve 2mg = 1 1 — A > which 
has solutions for A = 1,3,5,7,9 corresponding to the D9, D7, D5, D3, Dl brane solutions. Excluding the 
Dl brane we have for each Dp-brane, P(w-p) = 1 with all other pi = 0. For the Dl brane we have pu = 1 
and all other pi — 0. Therefore for these cases, we have # = p where p is odd and less than ten, we find, 

{2ir)Pg s l% 

Which is the tension formula for the RR D-brane charges of the IIB theory. Furthermore we may apply the S- 
duality transformation to the IIB theory which corresponds to the Weyl reflection in the plane perpendicular 
to the aio root vector: 

Sio/3 = (3 - (21 - m 9 )a 10 

That is / — > mg — I, leaving 1 in equation (1.6) unaltered, as expected, but altering the tension formula to: 

r 1 

Pdp (2TT)PgT 9 ' 1 l p s +1 

This formula could also be obtained using equation (3.6) for the Weyl reflection of the mass formula. Ex- 
plicitly we have, 

Z'f> Dp = Z Sl „Wn p ) = Zp Dp cxp (-(-q 9 + 2q w )(a 10 ■ f3 Dp )) 
Using the parameters of solution given in section 1.3 we have, 

a w - j3= -mg + 2mio = -q 

We recall that in general q is an integer taking values less than or equal to the coefficient, mg, but in the 
particular set of solutions we are considering here q — m 9 — 2. Let us translate the — q 9 + 2q 10 into the 
coordinates p a , using the transformation matrix (/t» _1 ) T from section 3.2 we read off, 

q 9 = -|(4(p, +Pi + ■ ■ .po) + 7(pi +pn)) 
q W = -|(2(p, +pi + . . .pio) + 5pn)) 
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So that, 

V + 2 g 10 =p 10 - P n=ln(^) = ln^ 

Rn 9s) 

Substituting back into our expression for Zs w (p) an dividing by V p <~ (2itR) p to find the tension we obtain, 

1 1 



Ts lo{0Dp ) W g / (27r)Pfl i+ 9 ^i 



In the case we have been concerned with the parameters take specific values, I = 1 and so q = nig — 2 and 
the expression is identical to the S-dual tension derived previously. 

We may use this form of the tension to write down the tensions of the S-dual states to the Dp-branes 
of the IIB theory, explicitly the Fl string, the NS5 brane, the 57 brane and the 59 brane. Notice that the 
tension of the D3 brane is mapped to itself by S-duality. Explicitly we find, 



T 0NS5 - 



1 

2 

s 

1 



(27r)°<#f 

T0S7 = (2*) 7 g*l* 
T 1 

In addition there are two further 9-brane states making up the charge z ai --- a ' ,{ - atil \ these are S-dual to 
each other and have tensions: 



T 1 

Let us also identify the weights in the l\ representation corresponding to the KK-brancs of the IIB 
theory given in [21], namely the DIq.DZ^ and D52 which arc all derived from the D7 brane by U-duality 
transformations. From table A. 3 in the appendix we may read off: 

0Di e = e* + 2(e 4 + . . . + do) + 3eu Z DQr = ^ 4 " 3 '^ W ^ 



Pd3 4 = e* + (e 4 + e 5 ) + 2(e 6 + . . . en) Z D25 = 
/3d5 2 — e * + ( e 4 + • • • + e 7 ) + 2(e 8 + . . . ero) + en Z D i 3 = 



9°s 

R^R^Rq . . . i?io) 2 
i?4 . . . R?{Rs ■ ■ ■ Rio) 2 



gill 1 



One can use the parameter k to classify the KK-brane solutions; in the IIB decomposition m w — k is the 
coefficient of eio- The full set of Dpi branes, where i indicates the number of directions with a Taub-NUT 
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fibration, corresponds to all the weights in the l\ representation having k = 2 and is shown in table 3.3. 



Level 
(m 9 ,m 10 ) 




Mass 


E 12 Root 
(ej basis) 


Root length 
squared 


(4,2) 


£>5i 


i?5 Rq i?7 Rg Rg Rfo 

sM ^ , 


(1,0,0,0,0,1,1,1,1,1,0,0) 


2 


(5,2) 
(5,2) 


D5 2 
£>7i 


R4 R5 Re R7 RsRgR-io 

-R3 -R4 fls % -R7 RsRiR 2 la 
9 2 Jl° 


(1,0,0,0,1,1,1,1,1,2,0,1) 
(1,0,0,1,1,1,1,1,1,1,0,1) 


2 



(5,3) 
(5,3) 


Dh 2 
D7 1 


RiRsReRrRsRiRia 
git" ' 
RsRiR^ReRiRsRoRjo 


(1,0,0,0,1,1,1,1,1,2,1,0) 
(1,0,0,1,1,1,1,1,1,1,1,0) 


2 



(6,2) 
(6,2) 
(6,2) 


L>9i 
D5 3 
D7 2 


Ki R 2 R 3 Ri R:, Re Rr Rs R<> R 2 
R3 Ri Rs R6 Ri R% R% R\ 

g' 2 Jl 2 

R 2 R3R4.R5 Re RtRhRIrIo 
g'lt 2 


(1,1,1,1,1,1,1,1,1,1,0,2) 
(1,0,0,1,1,1,1,1,2,2,0,2) 
(1,0,1,1,1,1,1,1,1,2,0,2) 


-2 
2 



(6,3) 
(6,3) 
(6,3) 
(6,3) 


L>9i 
L>3 4 
D5 3 
D7 2 


Ri R 2 Rs Ri Rs Re Rr Rs R<> R 2 
gtf 2 
R4R5 Re Rj Rg -^9 -^10 

g 3 Jl 2 

RsRiRsReRrRlRlRlo 

g 3 Jl 2 

i?2 R3 Ra R5 Re R7 Rs Rg R\o 

gill 2 


(1,1,1,1,1,1,1,1,1,1,1,1) 
(1,0,0,0,1,1,1,2,2,2,1,1) 
(1,0,0,1,1,1,1,1,2,2,1,1) 
(1,0,1,1,1,1,1,1,1,2,1,1) 


-4 
2 


-2 


(6,4) 
(6,4) 
(6,4) 


L>9i 
D5 3 
D7 2 


Ri R2 R3 R4 R5 Re R7 Rs Rq R±q 

sit* 2 2 „ 2 

R3R4 R%Rq R7 Rg ^9^10 
gill 2 

R2 R3 Ri R5 Re, R-7 Rs RqRiq 
gill 2 


(1,1,1,1,1,1,1,1,1,1,2,0) 
(1,0,0,1,1,1,1,1,2,2,2,0) 
(1,0,1,1,1,1,1,1,1,2,2,0) 


-2 
2 



(7,2) 
(7,2) 


D7 3 
L>5 4 


R \ R'2 R3 R>4 R~> Re R7 Rg Rg -^10 
g 2 A\ 

R2R3R4 R5 Re R<7 Rg Rq -^10 

glU* 


(1,1,1,1,1,1,1,1,2,2,0,3) 
(1,0,1,1,1,1,1,2,2,2,0,3) 



2 


(7,3) 
(7,3) 
(7,3) 
(7,3) 


D7 3 
Dl 6 
D3 5 
L>5 4 


Ri R2 R3 R4 R5 Re R7Rg Rg R±o 

g'li^ 

T~> T7>2 r>2 r>2 r?2 n2 j~>2 

1X4!%^ li.Q 11 ,7 11 ,g Jl-C) -ft^Q 

9 i l K 

R3R4R5 Rq RjRg RqRiQ 
gfij 4 2 

R2R3R4 R5 Re R-j Rg Rg R±o 

gUl* 


(1,1,1,1,1,1,1,1,2,2,1,2) 
(1,0,0,0,1,2,2,2,2,2,1,2) 
(1,0,0,1,1,1,2,2,2,2,1,2) 
(1,0,1,1,1,1,1,2,2,2,1,2) 


-4 
2 


-2 


(7,4) 
(7,4) 
(7,4) 
(7,4) 


D7 3 
Dl e 
D3 5 
L>5 4 


Ri R2 R3 R4 R5 Re R7Rg Rg R±q 
gif 2 
^?4-/?5 Rq Rf Rg Rq Riq 

9 s l K 

R3 R4 Rb Rq Rj Rg Rg Riq 

gill 4 

D D D D D d2 tt>2 r>2 r>2 
ii-2^3 1 '-4 J 1-5 i<e ii--? H r )-^'10 

gill 4 


(1,1,1,1,1,1,1,1,2,2,2,1) 
(1,0,0,0,1,2,2,2,2,2,2,1) 
(1,0,0,1,1,1,2,2,2,2,2,1) 
(1,0,1,1,1,1,1,2,2,2,2,1) 


-4 
2 


-2 


(7,5) 
(7,5) 


D7 3 
D5 4 


— 2" 2 ' 2 

R1R2 R3 R4 R ~> Re R7 Rg Rg -^10 

glil 4 

RiRzRiRsReRrRlRlRln 

glil 4 


(1,1,1,1,1,1,1,1,2,2,3,0) 
(1,0,1,1,1,1,1,2,2,2,3,0) 



2 


(8,2) 


D5 5 


R1R2R3 Ri Rs R'i R 2 R'i R'i R'io 
giW 


(1,1,1,1,1,1,2,2,2,2,0,4) 


2 


(8,3) 
(8,3) 
(8,3) 


D5 5 
Dl 7 
D3e 


R1R2R3 Ri R& Ri R 2 Ri Rg R 2 a 
glil 6 

R 3 R 2 iR 2 5 R 2 6 R 2 7 R 2 s R 2 9 Ri 
glil 6 

Ri R 3 Ri Rl fin R 2 R 2 8 Rl R 2 W 


(1,1,1,1,1,1,2,2,2,2,1,3) 
(1,0,0,1,2,2,2,2,2,2,1,3) 
(1,0,1,1,1,2,2,2,2,2,1,3) 


-4 


-2 


(8,4) 
(8,4) 
(8,4) 


D5 5 
Dl 7 
Die 


R1R2R3 Ri Rs R'i R 2 R'i R'i R'w 
Bit* 

T? E?2 r?2 r>2 -r>2 r>2 r>2 p2 
JX3 /1 4 it. 5 -TCq JI7 -Ttg Jig -TtiQ 

ODD d2 r>2 r>2 p2 r>2 p2 


(1,1,1,1,1,1,2,2,2,2,2,2) 
(1,0,0,1,2,2,2,2,2,2,2,2) 
(1,0,1,1,1,2,2,2,2,2,2,2) 


-6 
-2 
-4 
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Level 

(m 9 ,rai ) 


D Pl 


Mass 


D12 Root 
(ej basis) 


Root length 
squared 


(8,5) 
(8,5) 

(5, t)J 


Dl 7 


R1R2R3 Ri fls Hfi fl? flg R'i R'io 

R 3 RlRlR 2 6 R 2 7 R 2 g RlR 2 10 
9^ 

R 2 R3 Ri Rl Ri R 2 R-l Rl R 2 W 


(1, 1, 1, 1, 1, 1,2,2,2,2,0, 1) 
(1,0,0,1,2,2,2,2,2,2,3,1) 

^1, U, 1, 1, 1, Z, Z, Z, Z, Z, O, 1J 


—4 




— z 


(8,6) 


D5 5 


R 1 fl 2 fl 3 «4 R5 R'i R 2 R'i R'i R'i 

9 6 Jl 6 


(1,1,1,1,1,1,2,2,2,2,4,0) 


2 


(9,3) 
(9,3) 


Dig 


Ri R2 R3 R\ R-% R-q Rj R-g Rq Ri_Q 

t-> r>2 ri2 ry'2 t<2 jVl ry'2 i-)2 j~>2 


/1 1 1 1 OOOOOOI A\ 

(1, 1, 1, 1,2,2,2,2,2,2, 1, 4 J 
(1,0,1,2,2,2,2,2,2,2,1,4) 


—4 
-2 


(Ci A\ 

(9,4) 

I'd A \ 

(9,4) 


7~>1 


R1R2R3 R'i R'i R'i R'i R'i R'i r 2 w 

R2 R^ R4 R?) Rq R-? R$ RgR\o 


(1, 1, 1, l,2,2,2,2,2,2,2,oJ 

/'i ni 00000000 Q^ 
(1,0, 1, 2, 2, 2, 2, 2, 2, 2, 2, 6) 


Q 

— O 

— D 


(9, 5) 
[iJ , 0) 


JJoj 


e> 7? r? r?2 f?2 r?2 r?2 r?^ r?2 r?2 
Jt-l Jt-2 Jl 3 JI4 J1.5 -fXg JX 7 Jt.g Jig ix-^Q 

E> t?2 7^2 r>2 r>2 r>2 ri2 r>2 £>2 
Jt2 -itg xt 4 Xtc; il ( - J I 7 J i.^ Jlfj iX]_Q 


ft 1 1 1 000000*3 0*^ 

(1, 1, 1, 1, 2, 2, 2, 2, 2, 2, 3, 2) 

f1 HI 99999991 o\ 
(1, U, 1, 2, 2, 2, 2, 2, 2, 2, 0, 2 J 


Q 

— O 

— D 


(y, dj 
('Q fi"i 




i? 1 ./?2 -^3 R>\ R§ Rq Rj R-g Rq R'i 

O r>2 r>2 n2 r>2 r>2 j~>2 r>2 r>2 
1X2 -tt-3 J*- 4 Jl-5 7 "s 9 ^*"10 

s5*i 8 


n 1 1 1 999999/1 1"\ 
I 1 ; 1, 1, 1, 2, 2, 2, 2, 2, 2, 4, 1J 

H 11 1 999999941"! 


A 

_o 


(10,3) 


Dig 


D r?2 r>2 t-)2 r->2 r>2 t->2 i-)2 t->2 tS2 
Jtl -t 1-3 -t 1-4 J '-5; J' -i 1-7 Ji ^ J 1.9 Jt-ig 


(1,1,2,2,2,2,2,2,2,2,1,5) 


-4 


(10,4) 


Dig 


D D- r>2 r>2 d2 q2 j->2 tj2 rp2 rj2 
Jtl JT-2 J« 3 Jl 4 J 1-, J« (J J 1-7 J 1 Ji'9 J*- 10 


(1,1,2,2,2,2,2,2,2,2,2,4) 


-10 


(10,5) 


Dig 


7D rj2 n2 r>2 r>2 n2 n2 r>2 r»2 r>2 
JTl JT-2 J 1.3 J 1.4 J 1 -j Jl J '-7 J 1 ^ Ji'Q Jl-10 


(1,1,2,2,2,2,2,2,2,2,3,3) 


-12 


(10,6) 


Dig 


1 ) 1 > J ; 1 J / 1 i)2 - >2 i>2 1 > J ' 1 J ; > IJ 
Jt-l it 2 1X3/1 4 11 - J t f . .: 1 7 ./. | (| 


(1,1,2,2,2,2,2,2,2,2,4,2) 


-10 


(10,7) 


Dig 


D 7?2 r>2 r>2 n>2 r>2 n2 n>2 r>2 tS2 
Jtl J 1.-2 J 1 >j Jl 4 J 1 - ; Jl Q J 1-7 J 1 J 1.9 J t-iQ 


(1,1,2,2,2,2,2,2,2,2,5,1) 


-4 



Table 3.3 The full set of IIB Dpi branes from the h representation of En 



Conclusion 

In this paper we have identified the U-duality brane charge multiplets within the l\ representation and 
given explicitly the weights associated to the particle, string and membrane multiplets when D=3,4,5,6,7,8 
- this is a generalisation of the results of [11]. We have also introduced a tension formula that associates 
a tension to each root in the E\ 2 root lattice, the lattice natural to the l\ representation of En. The 
tension formula can be readily extended to other infinite dimensional algebras. The formula was constructed 
by introducing a dimensionful parameter into the li representation of En, associated to the extra node 
(denoted in this paper with a "*") of the D i2 Dynkin diagram that differentiates it from the En diagram. 
The tension formula reproduced the tensions of the pp-wave, the M2-brane, the M5-brane and the KK6 
monopole of M-theory from the associated weights in the l\ algebra. Furthermore all the tensions of the 
Dp-branes of IIA and IIB superstring theories were also found, together with the correct powers of the string 
coupling constant, g s , and the string length, l s . The tension formula was also applied to all the states in 
the particle and string charge multiplets for comparison with previously known results. The dimensionful 
parameter introduced was found to correctly reproduce all the known masses of the U-duality brane charge 
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multiplets presented in [6,7,8,9,10]. The formula was then applied to the charge multiplct of the membrane 
and the corresponding masses were given. It would be illuminating to analyse the content of other G +++ 
algebras using the same construction. This would be especially interesting for the pure gravitational Kac- 
Moody algebra A^t^ and the algebra associated to the bosonic string, K27 = ■ 

One consequence of the tension formula is the observation that almost all the content of En is associated 
to KK-branes (or monopoles) . This interpretation is based on the observation that the tension of KK-branes 
is divergent when the spacetime is decompactified. Given the li representation of En we can calculate for 
any of the charges an associated mass and tension. The tension is found by dividing the mass by a volume, 
V p <~ (2ttR) p . For branes the tension is independent of a radius of compactification, in the cases where the 
tension remains dependent on the compact radii the associated solution is a KK-brane. A familiar example 
is generalisation of the Taub-NUT solution to eleven dimensions, which is also called the KK6-brane and 
is associated to the dual gravity field. The charge conserved by the dual gravity field appears in the l\ 
representation at level three in the algebraic decomposition. The root in the E i2 lattice is: 

Pkk6 = + eti + . . . a 4 + 2a b + 3a 6 + 4a 7 + 5a s + 3a 9 + a w + 3ctn 
= (e 5 + . . . eio + 2en) 

Using the formula of equation (3.5) the mass of this root is found. 

R5 ■ ■ ■ R\oR\\ 
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For convenience we analyse the solution when it is compactified on a seven-torus and the tension of the 
solution may be found by dividing the mass by (27r) 7 i?5 . . . Rn- 



Rn 



0KK6 (2tt) 7 Z9 

Evidently this result does not carry naturally back into the uncompactified eleven dimensional spacetime and 
diverges when Rn is decompactified. The diverging tension in uncompactified spacetime is the signature of a 
KK-brane. For most of the weights of En appearing in the l\ representation, in fact all those associated to a 
mixed symmetry field, the tension found by using equation (3.5) is divergent in the non-compact spacetime. 
In this sense much of the h representation, being composed mostly of mixed symmetry fields, is associated 
to KK-brane charges. One may say that KK-brane charges are the rule and their vanishing in the case of 
the M2, M5 and pp-wave charges are the exceptions. 

We have been able to classify the KK-brane charges that appear in the l\ algebra since they are directly 
related to the parameter, k, appearing in the algebraic decomposition of section 1 of this paper. We recall 
that this parameter played a twofold role of counting the number of blocks of antisymmetric indices as well 
as controlling the blocks of eleven antisymmetric indices, or volume forms e, appearing in the generators of 
the h representation of En- The KK-branes may be labelled by the powers of the radii appearing in the 
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mass formula. The most studied class of KK-branes, labelled Dpi in the literature, have a mass which is 
quadratic in the spatial radii and may be labelled by two integers corresponding to the number of linear, p, 
and squared radii, i, respectively. In tables 3.1, 3.2 and 3.3 we list the full set of such Dpi brane charges in 
the l\ representation of En relevant to M-theory, the IIA theory and the IIB theory including the charges 
of KK-branes previously found by U-duality transformations of the D7 brane charge in [21]. The role played 
by KK-branes is unclear. A simple interpretation of the KK-brane charges of M-theory is that they give an 
eleven dimensional origin to the Dp-brane charges (p > 5) of IIA and IIB string theory upon dimensional 
reduction as well as other KK-brane charges. However, whether they play a more important part than 
simply book-keeping the branes, and also winding and KK-modes that appear from duality arguments in 
lower dimensional theories remains to be seen. One may hope that the extra KK-brane tower of states, being 
non-perturbative, may reveal significant details about the kinematics and dynamics of the En fields. More 
simply, since the prototype KK-brane is the dual graviton their further investigation may shed more light 
on the dual gravity theories. 

An interesting infinite class of roots in the adjoint of En which corresponds to generators with no blocks 
of ten or eleven antisymmetrised indices has recently been completely found [20] and it was highlighted that 
En contained all the dualised versions of the tensors of massless dualised supergravity. The fields in this 
class of roots have associated generators taking the form, 

j£a{...al,...a™...a,g ,b ^ jfa{...al,...a™ ...a% ,j\hh jfa{...al,...a™ ...ag ,ji...je j^a[...al,...a" ...a^ ,ji—js,k 

Where n > 0. At first sight these generators, being all representations of the little group in eleven dimensions, 
50(9), appear to indicate all possible massless dual solutions in the algebra, but if we consider the charges 
associated to these roots in the li representation we find that they have different "masses", namely, 

V n V n RioRn V n R 7 RzRyR w Rn V n R 5 ■ ■ ■ R W R 2 n 

/9nE> ' ;9n+3 ' /9n+6 ' /9n+9 

dp J <-! 1 lp lp lp 

Where V = R3 . . .Rn- For the case where n = three of the tensions, given by division by (2tt) 9 V, are 
well-defined and the fourth, which is the KK6 brane tension diverges. However for the other roots in this 
class (n > 0) the tensions all diverge in the non-compact setting which may indicate some difference in their 
nature. Using the techniques of [4,13] one can write down a line element associated to a half-BPS brane 
solution for each of the dual roots in the adjoint of En- The set of roots are: 

(3 PP * = aio + n(3 
Pm2* = an + n(3 

Pm5* = a 6 + 2a 7 + 3a 8 + 2a 9 + a 10 + 2an + n(3 
0KK6* = a A + 2a 5 + 3a 6 + 4a 7 + 5a 8 + 3a 9 + a w + 3«u + nf3 Q 

Where, 

(3q ee a 3 + 2a 4 + 3a 5 + 4a 6 + 5a 7 + 6a$ + 4a 9 + 2a w + 3an 
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is the root controlling the blocks of nine antisymmetric indices in the dual generators. For reference, 



_ i?3 . . . Ru R1R2R3 

The line elements corresponding to the set of dual roots are, 

(1 + K) n dx\ - (1 - K)(dt 2 ) + (1 + K )dy 2 - 2Kdtdy + dY? 7 
N( n+ ^(dxl) + m{dxl)+N'i{df 2 - dt 2 ) 
N {n+ i\dx 2 ) + Ni(dx 2 )+N-i(dy 2 - dt 2 ) 
N {n+1 \dx 2 2 ) + N{dy 2 ) + N- x {-dt 2 ) + dY? 7 

Where dT, 2 denotes a seven dimensional Euclidean line element. These volume elements are dependent on n, 
the number of blocks of nine antisymmetric indices appearing in the generator of the associated dual roots. 
It would be interesting to study this class of roots further. 
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Appendix A - Low level weights in the l\ representation of En relevant to 11D, IIA and 
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(1 





1 


1,2,2,2,2, 


2 


3 


4, 


4) 





8 


[1 





1 








0,1,0,0,1] 


(1,1,2,3,5,7,9,11,14,9,4,8) 


(1 





1 


1,2,2,2,2, 


3 


3 


3 


4) 


-2 


8 


[1 


1 











0,0,0,2,0] 


(1,1,2,4,6,8,10,12,14,8,4,8) 


(1 





1, 


2,2,2,2,2, 


2 


2 


4, 


4) 


-2 


8 


[1 


1 











0,0,1,0,1] 


(1,1,2,4,6,8,10,12,14,9,4,8) 


(1 





1 


2,2,2,2,2, 


2 


3 


3 


4) 


-4 


8 


[2 














0,0,0,1,1] 


(1,1,3,5,7,9,11,13,15,9,4,8) 


(1 





2 


2,2,2,2,2, 


2 


2 


3 


4) 


-6 


8 


[0 











1 


0,1,0,0,2] 


(1,2,3,4,5,6,8,10,13,8,3,8) 


(1 


1 


1, 


1,1,1,2,2, 


3 


3 


3 


5) 


2 


8 


[0 








1 





0,0,0,2,1] 


(1,2,3,4,5,7,9,11,13,7,3,8) 


(1 


1 


1, 


1,1,2,2,2, 


2 


2 


4, 


5) 


2 


8 


[0 








1 





0,0,1,0,2] 


(1,2,3,4,5,7,9,11,13,8,3,8) 


(1 


1 


1, 


1,1,2,2,2, 


2 


3 


3 


5) 





8 


[0 





1 








0,0,0,1,2] 


(1,2,3,4,6,8,10,12,14,8,3,8) 


(1 


1 


1 


1,2,2,2,2, 


2 


2 


3 


5) 


-2 



Table A.l Low level weights in the 11D supergravity decomposition of the h representation of En 
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Level 




A 


) weights 




E 12 Root 


E\2 Root 




Root length 




mn) 










(cti basis) 


(ei basis) 




squared 


(0 


0) 


[1 


0,0 


0,0,0,0 


0,0] 


(1,0,0,0,0,0,0,0,0,0,0,0) 


(1,-1,0,0,0,0,0,0,0,0,0,0) 


2 


(1 


0) 


[0 


0,0 


0,0,0,0 


0,0] 


(1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 0) 


(1,0,0,0,0,0,0,0,0,0,0, 


-1) 


2 


(0 


1) 


[0 


0,0 


0,0,0,0 


0,1] 


(1,1,1,1,1,1,1,1,1,0,0,1) 


(1,0,0,0,0,0,0,0,0,0,1 


1) 


2 


(1 


1) 


[0 


0,0 


0,0,0,0 


1,0] 


(1,1,1,1,1,1,1,1,1,1,1,1) 


(1,0,0,0,0,0,0,0,0,1,1 


0) 


2 


(1 


2) 


[0 


0,0 


0,0,1,0 


0,0] 


(1,1,1,1,1,1,1,2,3,2,1,2) 


(1,0,0,0,0,0,0,1,1,1,1 


1) 


2 


(2 


2) 


[o 


0,0 


0,1,0,0 


0,0] 


(1,1,1,1,1,1,2,3,4,3,2,2) 


(1,0,0,0,0,0,1,1,1,1,1 


0) 


2 


(1 


3) 


[0 


0,0 


1,0,0,0 


0,0] 


(1,1,1,1,1,2,3,4,5,3,1,3) 


(1,0,0,0,0,1,1,1,1,1,1 


2) 


2 


(2 


3) 


[0 


0,1 


0,0,0,0 


0,0] 


(1,1,1,1,2,3,4,5,6,4,2,3) 


(1,0,0,0,1,1,1,1,1,1,1 


1) 





(2 


3) 


[0 


0,0 


1,0,0,0 


0,1] 


(1,1,1,1,1,2,3,4,5,3,2,3) 


(1,0,0,0,0,1,1,1,1,1,2 


1) 


2 


(3 


3) 


[0 


1,0 


0,0,0,0 


0,0] 


(1,1,1,2,3,4,5,6,7,5,3,3) 


(1,0,0,1,1,1,1,1,1,1,1 


0) 





(3 


3) 


[0 


0,1 


0,0,0,0 


0,1] 


(1,1,1,1,2,3,4,5,6,4,3,3) 


(1,0,0,0,1,1,1,1,1,1,2 


0) 


2 


(4 


3) 


[1 


0,0 


0,0,0,0 


0,0] 


(1,1,2,3,4,5,6,7,8,6,4,3) 


(1,0,1,1,1,1,1,1,1,1,1, 


-1) 


2 


(1 


4) 


[0 


1,0 


0,0,0,0 


0,0] 


(1,1,1,2,3,4,5,6,7,4,1,4) 


(1,0,0,1,1,1,1,1,1,1,1 


3) 


2 


(2 


4) 


[1 


0,0 


0,0,0,0 


0,0] 


(1,1,2,3,4,5,6,7,8,5,2,4) 


(1,0,1,1,1,1,1,1,1,1,1 


2) 


-2 


(2 


4) 


[0 


0,1 


0,0,0,0 


1,0] 


(1,1,1,1,2,3,4,5,6,4,2,4) 


(1,0,0,0,1,1,1,1,1,2,2 


2) 


2 


(2 


4) 


[0 


1,0 


0,0,0,0 


0,1] 


(1,1,1,2,3,4,5,6,7,4,2,4) 


(1,0,0,1,1,1,1,1,1,1,2 


2) 





(3 


4) 


[0 


0,0 


0,0,0,0 


0,0] 


(1,2,3,4,5,6,7,8,9,6,3,4) 


(1,1,1,1,1,1,1,1,1,1,1 


1) 


-4 


(3 


4) 


[0 


0,1 


0,0,0,1 


0,0] 


(1,1,1,1,2,3,4,5,7,5,3,4) 


(1,0,0,0,1,1,1,1,2,2,2 


1) 


2 


(3 


4) 


[0 


1,0 


0,0,0,0 


1,0] 


(1,1,1,2,3,4,5,6,7,5,3,4) 


(1,0,0,1,1,1,1,1,1,2,2 


1) 





(3 


4) 


[1 


0,0 


0,0,0,0 


0,1] 


(1,1,2,3,4,5,6,7,8,5,3,4) 


(1,0,1,1,1,1,1,1,1,1,2 


1) 


-2 


(3 


4) 


[0 


1,0 


0,0,0,0 


0,2] 


(1,1,1,2,3,4,5,6,7,4,3,4) 


(1,0,0,1,1,1,1,1,1,1,3 


1) 


2 


(4 


4) 


[0 


0,0 


0,0,0,0 


0,1] 


(1,2,3,4,5,6,7,8,9,6,4,4) 


(1,1,1,1,1,1,1,1,1,1,2 


0) 


-2 


(4 


4) 


[0 


1,0 


0,0,0,1 


0,0] 


(1,1,1,2,3,4,5,6,8,6,4,4) 


(1,0,0,1,1,1,1,1,2,2,2 


0) 


2 


(4 


4) 


[1 


0,0 


0,0,0,0 


1,0] 


(1,1,2,3,4,5,6,7,8,6,4,4) 


(1,0,1,1,1,1,1,1,1,2,2 


0) 





(4 


4) 


[1 


0,0 


0,0,0,0 


0,2] 


(1,1,2,3,4,5,6,7,8,5,4,4) 


(1,0,1,1,1,1,1,1,1,1,3 


0) 


2 


(5 


4) 


[0 


0,0 


0,0,0,0 


1,0] 


(1,2,3,4,5,6,7,8,9,7,5,4) 


(1,1,1,1,1,1,1,1,1,2,2, 


-1) 


2 


(1 


5) 


[0 


0,0 


0,0,0,0 


0,0] 


(1,2,3,4,5,6,7,8,9,5,1,5) 


(1,1,1,1,1,1,1,1,1,1,1 


4) 


2 


(2 


5) 


[0 


0,0 


0,0,0,0 


0,1] 


(1,2,3,4,5,6,7,8,9,5,2,5) 


(1,1,1,1,1,1,1,1,1,1,2 


3) 


-2 


(2 


5) 


[0 


1,0 


0,0,0,1 


0,0] 


(1,1,1,2,3,4,5,6,8,5,2,5) 


(1,0,0,1,1,1,1,1,2,2,2 


3) 


2 


(2 


5) 


[1 


0,0 


0,0,0,0 


1,0] 


(1,1,2,3,4,5,6,7,8,5,2,5) 


(1,0,1,1,1,1,1,1,1,2,2 


3) 





(2 


5) 


[1 


0,0 


0,0,0,0 


0,2] 


(1,1,2,3,4,5,6,7,8,4,2,5) 


(1,0,1,1,1,1,1,1,1,1,3 


3) 


2 


(3 


5) 


[0 


0,0 


0,0,0,0 


1,0] 


(1,2,3,4,5,6,7,8,9,6,3,5) 


(1,1,1,1,1,1,1,1,1,2,2 


2) 


-4 


(3 


5) 


[0 


0,1 


0,1,0,0 


0,0] 


(1,1,1,1,2,3,5,7,9,6,3,5) 


(1,0,0,0,1,1,2,2,2,2,2 


2) 


2 


(3 


5) 


[0 


1,0 


0,0,1,0 


0,0] 


(1,1,1,2,3,4,5,7,9,6,3,5) 


(1,0,0,1,1,1,1,2,2,2,2 


2) 





(3 


5) 


[1 


0,0 


0,0,0,1 


0,0] 


(1,1,2,3,4,5,6,7,9,6,3,5) 


(1,0,1,1,1,1,1,1,2,2,2 


2) 


-2 


(3 


5) 


[o 


0,0 


0,0,0,0 


0,2] 


(1,2,3,4,5,6,7,8,9,5,3,5) 


(1,1,1,1,1,1,1,1,1,1,3 


2) 


-2 


(3 


5) 


[0 


1,0 


0,0,0,1 


0,1] 


(1,1,1,2,3,4,5,6,8,5,3,5) 


(1,0,0,1,1,1,1,1,2,2,3 


2) 


2 


(3 


5) 


[1 


0,0 


0,0,0,0 


1,1] 


(1,1,2,3,4,5,6,7,8,5,3,5) 


(1,0,1,1,1,1,1,1,1,2,3 


2) 





(4 


5) 


[0 


0,0 


0,0,0,1 


0,0] 


(1,2,3,4,5,6,7,8,10,7,4,5) 


(1,1,1,1,1,1,1,1,2,2,2 


1) 


-4 


(4 


5) 


[o 


0,1 


1,0,0,0 


0,0] 


(1,1,1,1,2,4,6,8,10,7,4,5) 


(1,0,0,0,1,2,2,2,2,2,2 


1) 


2 


(4 


5) 


[0 


1,0 


0,1,0,0 


0,0] 


(1,1,1,2,3,4,6,8,10,7,4,5) 


(1,0,0,1,1,1,2,2,2,2,2 


1) 





(4 


5) 


[1 


0,0 


0,0,1,0 


0,0] 


(1,1,2,3,4,5,6,8,10,7,4,5) 


(1,0,1,1,1,1,1,2,2,2,2 


1) 


-2 


(4 


5) 


[0 


0,0 


0,0,0,0 


1,1] 


(1,2,3,4,5,6,7,8,9,6,4,5) 


(1,1,1,1,1,1,1,1,1,2,3 


1) 


-2 


(4 


5) 


[o 


1,0 


0,0,1,0 


0,1] 


(1,1,1,2,3,4,5,7,9,6,4,5) 


(1,0,0,1,1,1,1,2,2,2,3 


1) 


2 


(4 


5) 


[1 


0,0 


0,0,0,0 


2,0] 


(1,1,2,3,4,5,6,7,8,6,4,5) 


(1,0,1,1,1,1,1,1,1,3,3 


1) 


2 


(4 


5) 


[1 


0,0 


0,0,0,1 


0,1] 


(1,1,2,3,4,5,6,7,9,6,4,5) 


(1,0,1,1,1,1,1,1,2,2,3 


1) 





(4 


5) 


[0 


0,0 


0,0,0,0 


0,3] 


(1,2,3,4,5,6,7,8,9,5,4,5) 


(1,1,1,1,1,1,1,1,1,1,4 


1) 


2 
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Level 






A 


wei 


ghts 






E12 Root 






E\2 Root 








Root length 


(toio,toh) 


















(cti basis) 






(e, 


basis) 








squared 


(5,5) 


[0 














1,0 





0] 


(1,2,3,4,5,6,7,9,11,8,5,5) 


(1 


1,1 


1,1 


1,1,2,2 


2 


2 


0) 


-2 


(5,5) 


[0 


1 





1 





0,0 





o] 


(1,1,1,2,3,5,7,9,11,8,5,5) 


(1 


0,0 


1,1 


2,2,2,2 


2 


2 


0) 


2 


(5,5) 


[1 











1, 


0,0 





o] 


(1,1,2,3,4,5,7,9,11,8,5,5) 


(1 


0,1 


1,1 


1,2,2,2 


2 


2 


0) 





(5,5) 


[o 














0,0 


2 


o] 


(1,2,3,4,5,6,7,8,9,7,5,5) 


(1 


1,1 


1,1 


1,1,1,1 


3 


3 


0) 


2 


(5,5) 


[0 














0,1 





1] 


(1,2,3,4,5,6,7,8,10,7,5,5) 


(1 


1,1 


1,1 


1,1,1,2 


2 


3 


0) 





(5,5) 


[1 














1,0 





1] 


(1,1,2,3,4,5,6,8,10,7,5,5) 


(1 


0,1 


1,1 


1,1,2,2 


2 


3 


0) 


2 


(6,5) 


[0 











1 


0,0 





0] 


(1,2,3,4,5,6,8,10,12,9,6,5) 


(1, 


1,1, 


1,1, 


1,2,2,2,2, 


2- 


-1) 


2 


(2,6) 


[0 











o, 


0,1 





0] 


(1,2,3,4,5,6,7,8,10,6,2,6) 


(1 


1,1 


1,1 


1,1,1,2 


2 


2 


4) 





(2,6) 


[1 














1,0 





o] 


(1,1,2,3,4,5,6,8,10,6,2,6) 


(1 


0,1 


1,1 


1,1,2,2 


2 


2 


4 ) 


2 


(2,6) 


[o 














0,0 


1 


1] 


(1,2,3,4,5,6,7,8,9,5,2,6) 


(1 


1,1 


1,1 


1,1,1,1 


2 


3 


4 ) 


2 


(3,6) 


[0 














1,0 





0] 


(1,2,3,4,5,6,7,9,11,7,3,6) 


(1 


1,1 


1,1 


1,1,2,2 


2 


2 


3) 


-4 


(3,6) 


[0 





2 





o, 


0,0 





o] 


(1,1,1,1,3,5,7,9,11,7,3,6) 


(1 


0,0 


0,2 


2,2,2,2 


2 


2 


3) 


2 


(3,6) 


[o 


1 





1 





0,0 





o] 


(1,1,1,2,3,5,7,9,11,7,3,6) 


(1 


0,0 


1,1 


2,2,2,2 


2 


2 


3) 





(3,6) 


[1 











1, 


0,0 





o] 


(1,1,2,3,4,5,7,9,11,7,3,6) 


(1 


0,1 


1,1 


1,2,2,2 


2 


2 


3) 


-2 


(3,6) 


[o 





o, 








0,0 


2, 


o] 


(1,2,3,4,5,6,7,8,9,6,3,6) 


(1 


1,1 


1,1 


1,1,1,1 


3 


3 


3) 





(3,6) 


[0 














0,1 





1] 


(1,2,3,4,5,6,7,8,10,6,3,6) 


(1 


1,1 


1,1 


1,1,1,2 


2 


3 


3) 


-2 


(3,6) 


[o 


1 








1 


0,0 





1] 


(1,1,1,2,3,4,6,8,10,6,3,6) 


(1 


0,0 


1,1 


1,2,2,2 


2 


3 


3) 


2 


(3,6) 


[1 














0,1 


1 


o] 


(1,1,2,3,4,5,6,7,9,6,3,6) 


(1 


0,1 


1,1 


1,1,1,2 


3 


3 


3) 


2 


(3,6) 


[1 














1,0 





1] 


(1,1,2,3,4,5,6,8,10,6,3,6) 


(1 


0,1 


1,1 


1,1,2,2 


2 


3 


3) 





(3,6) 


[0 














0,0 


1 


2] 


(1,2,3,4,5,6,7,8,9,5,3,6) 


(1 


1,1 


1,1 


1,1,1,1 


2 


4 


3) 


2 


(4,6) 


[0 











1 


0,0 





0] 


(1,2,3,4,5,6,8,10,12,8,4,6) 


(1 


1,1 


1,1 


1,2,2,2 


2 


2 


2) 


-6 


(4,6) 


[0 


1 


1, 








0,0 





o] 


(1,1,1,2,4,6,8,10,12,8,4,6) 


(1 


0,0 


1,2 


2,2,2,2 


2 


2 


2) 


-2 


(4,6) 


[1 








1 





0,0 





o] 


(1,1,2,3,4,6,8,10,12,8,4,6) 


(1 


0,1 


1,1 


2,2,2,2 


2 


2 


2) 


-4 


(4,6) 


[0 














0,1 


1 


o] 


(1,2,3,4,5,6,7,8,10,7,4,6) 


(1 


1,1 


1,1 


1,1,1,2 


3 


3 


2) 


-2 


(4,6) 


[o 














1,0 





1] 


(1,2,3,4,5,6,7,9,11,7,4,6) 


(1 


1,1 


1,1 


1,1,2,2 


2 


3 


2) 


-4 


(4,6) 


[0 





2 








0,0 





1] 


(1,1,1,1,3,5,7,9,11,7,4,6) 


(1 


0,0 


0,2 


2,2,2,2 


2 


3 


2) 


2 


(4,6) 


[o 


1 








1, 


0,0 


1 


o] 


(1,1,1,2,3,4,6,8,10,7,4,6) 


(1 


0,0 


1,1 


1,2,2,2 


3 


3 


2) 


2 


(4,6) 


[o 


1 





1 





0,0 





1] 


(1,1,1,2,3,5,7,9,11,7,4,6) 


(1 


0,0 


1,1 


2,2,2,2 


2 


3 


2) 





(4,6) 


[1 














0,2 





o] 


(1,1,2,3,4,5,6,7,10,7,4,6) 


(1 


0,1 


1,1 


1,1,1,3 


3 


3 


2) 


2 


(4,6) 


[1 














1,0 


1 


o] 


(1,1,2,3,4,5,6,8,10,7,4,6) 


(1 


0,1 


1,1 


1,1,2,2 


3 


3 


2) 





(4,6) 


[1 











1, 


0,0 





1] 


(1,1,2,3,4,5,7,9,11,7,4,6) 


(1 


0,1 


1,1 


1,2,2,2 


2 


3 


2) 


-2 


(4,6) 


[o 














0,0 


2, 


1] 


(1,2,3,4,5,6,7,8,9,6,4,6) 


(1 


1,1 


1,1 


1,1,1,1 


3 


4 


2) 


2 


(4,6) 


[0 














0,1 





2] 


(1,2,3,4,5,6,7,8,10,6,4,6) 


(1 


1,1 


1,1 


1,1,1,2 


2 


4, 


2) 





(4,6) 


[1 














1,0 





2] 


(1,1,2,3,4,5,6,8,10,6,4,6) 


(1 


0,1 


1,1 


1,1,2,2 


2 


4 


2) 


2 


(5,6) 


[0 








1 





0,0 





0] 


(1,2,3,4,5,7,9,11,13,9,5,6) 


(1 


1,1 


1,1 


2,2,2,2 


2 


2 


1) 


-6 


(5,6) 


[o 


2 











0,0 





o] 


(1,1,1,3,5,7,9,11,13,9,5,6) 


(1 


0,0 


2,2 


2,2,2,2 


2 


2 


1) 


-2 


(5,6) 


[1 





1 








0,0 





o] 


(1,1,2,3,5,7,9,11,13,9,5,6) 


(1 


0,1 


1,2 


2,2,2,2 


2 


2 


1) 


-4 


(5,6) 


[0 














0,2 





o] 


(1,2,3,4,5,6,7,8,11,8,5,6) 


(1 


1,1 


1,1 


1,1,1,3 


3 


3 


1) 





(5,6) 


[0 














1,0 


1 


o] 


(1,2,3,4,5,6,7,9,11,8,5,6) 


(1 


1,1 


1,1 


1,1,2,2 


3 


3 


1) 


-2 


(5,6) 


[0 











1, 


0,0 





1] 


(1,2,3,4,5,6,8,10,12,8,5,6) 


(1 


1,1 


1,1 


1,2,2,2 


2 


3 


1) 


-4 


(5,6) 


[0 


1 





1 





0,0 


1 


o] 


(1,1,1,2,3,5,7,9,11,8,5,6) 


(1 


0,0 


1,1 


2,2,2,2 


3 


3 


1) 


2 


(5,6) 


[o 


1 


1, 








0,0 





1] 


(1,1,1,2,4,6,8,10,12,8,5,6) 


(1 


0,0 


1,2 


2,2,2,2 


2 


3 


1) 





(5,6) 


[1 














1,1 





o] 


(1,1,2,3,4,5,6,8,11,8,5,6) 


(1 


0,1 


1,1 


1,1,2,3 


3 


3 


1) 


2 


(5,6) 


[1 











1 


0,0 


1 


o] 


(1,1,2,3,4,5,7,9,11,8,5,6) 


(1 


0,1 


1,1 


1,2,2,2 


3 


3 


1) 





(5,6) 


[1 








1 





0,0 





1] 


(1,1,2,3,4,6,8,10,12,8,5,6) 


(1 


0,1 


1,1 


2,2,2,2 


2 


3 


1) 


-2 


(5,6) 


[o 





o, 








0,1 


1 


1] 


(1,2,3,4,5,6,7,8,10,7,5,6) 


(1 


1,1 


1,1 


1,1,1,2 


3 


4 


1) 


2 


(5,6) 


[o 














1,0 





2] 


(1,2,3,4,5,6,7,9,11,7,5,6) 


(1 


1,1 


1,1 


1,1,2,2 


2 


4, 


1) 





(5,6) 


[1 











1 


0,0 





2] 


(1,1,2,3,4,5,7,9,11,7,5,6) 


(1 


0,1 


1,1 


1,2,2,2 


2 


4 


1) 


2 


(6,6) 


[0 





1 








0,0 





o] 


(1,2,3,4,6,8,10,12,14,10,6,6) 


(1 


1,1 


1,2 


2,2,2,2 


2 


2 


0) 


-4 
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Level 






A 


) wei 


ghts 






E 12 Root 










E\2 Root 








Root length 


(toio,toh) 


















{a.i basis) 










& 


basis) 








squared 


(6,6) 


[1 


1 











0,0 





0] 


(1,1,2,4,6,8,10,12,14,10,6,6) 


(1 





1 


2 


2 


2,2,2,2 


2 


2 


0) 


-2 


(6,6) 


[0 














1,1 





o] 


(1,2,3,4,5,6,7,9,12,9,6,6) 


(1 


1 


1 


1 


1 


1,1,2,3 


3 


3 


0) 


2 


(6,6) 


[0 











1, 


0,0 


1 


o] 


(1,2,3,4,5,6,8,10,12,9,6,6) 


(1 


1 


1 


1 


1, 


1,2,2,2 


3 


3 


0) 





(6,6) 


[0 








1 





0,0 





1] 


(1,2,3,4,5,7,9,11,13,9,6,6) 


(1 


1 


1 


1 


1 


2,2,2,2 


2 


3 


0) 


-2 


(6,6) 


[0 


2 











0,0 





1] 


(1,1,1,3,5,7,9,11,13,9,6,6) 


(1 








2 


2 


2,2,2,2 


2 


3 


0) 


2 


(6,6) 


[1 








1 





0,0 


1 


o] 


(1,1,2,3,4,6,8,10,12,9,6,6) 


(1 





1 


1 


1 


2,2,2,2 


3 


3 


0) 


2 


(6,6) 


[1 





1 








0,0 





1] 


(1,1,2,3,5,7,9,11,13,9,6,6) 


(1 





1, 


1 


2 


2,2,2,2 


2 


3 


0) 





(6,6) 


[0 











1 


0,0 





2] 


(1,2,3,4,5,6,8,10,12,8,6,6) 


(1 


1 


1 


1 


1 


1,2,2,2 


2 


4 


0) 


2 




[0 











1 


0,0 





0] 


(1,2,3,4,5,6,8,10,12,7,2,7) 


(1 


1 


1 


1 


1 


1,2,2,2 


2 


2 


5) 


2 


(3,7) 


[0 








1 





0,0 





0] 


(1,2,3,4,5,7,9,11,13,8,3,7) 


(1 


1 


1 


1 


1 


2,2,2,2 


2 


2 


4) 


-4 


(3,7) 


[0 


2 











0,0 





o] 


(1,1,1,3,5,7,9,11,13,8,3,7) 


(1 








2 


2 


2,2,2,2 


2 


2 


4) 





(3,7) 


[1 





1 








0,0 





o] 


(1,1,2,3,5,7,9,11,13,8,3,7) 


(1 





1, 


1 


2 


2,2,2,2 


2 


2 


4) 


-2 


(3,7) 


[0 














0,2 





o] 


(1,2,3,4,5,6,7,8,11,7,3,7) 


(1 


1 


1, 


1 


1 


1,1,1,3 


3 


3 


4) 


2 


(3,7) 


[0 














1,0 


1 


o] 


(1,2,3,4,5,6,7,9,11,7,3,7) 


(1 


1 


1 


1 


1 


1,1,2,2 


3 


3 


4) 





(3,7) 


[0 











1 


0,0 





1] 


(1,2,3,4,5,6,8,10,12,7,3,7) 


(1 


1 


1, 


1 


1 


1,2,2,2 


2 


3 


4) 


-2 


(3,7) 


[0 


1 


1 








0,0 





1] 


(1,1,1,2,4,6,8,10,12,7,3,7) 


(1 








1 


2 


2,2,2,2 


2 


3 


4) 


2 


(3,7) 


[1 











1 


0,0 


1 


o] 


(1,1,2,3,4,5,7,9,11,7,3,7) 


(1 





1, 


1 


1, 


1,2,2,2 


3 


3 


4) 


2 


(3,7) 


[1 








1 





0,0 





1] 


(1,1,2,3,4,6,8,10,12,7,3,7) 


(1 





1, 


1 


1 


2,2,2,2 


2 


3 


4) 





(3,7) 


[0 














1,0 





2] 


(1,2,3,4,5,6,7,9,11,6,3,7) 


(1 


1 


1 


1 


1 


1,1,2,2 


2 


4 


4) 


2 


(4,7) 


[0 





1 








0,0 





0] 


(1,2,3,4,6,8,10,12,14,9,4,7) 


(1 


1 


1 


1 


2 


2,2,2,2 


2 


2 


3) 


-8 


(4,7) 


[1 


1 











0,0 





o] 


(1,1,2,4,6,8,10,12,14,9,4,7) 


(1 





1, 


2 


2 


2,2,2,2 


2 


2 


3) 


-6 


(4,7) 


[0 





o, 








1,1 





o] 


(1,2,3,4,5,6,7,9,12,8,4,7) 


(1 


1 


1, 


1 


1 


1,1,2,3 


3 


3 


3) 


-2 


(4,7) 


[0 











1 


0,0 


1 


o] 


(1,2,3,4,5,6,8,10,12,8,4, 7) 


(1 


1 


1, 


1 


1 


1,2,2,2 


3 


3 


3) 


-4 


(4,7) 


[0 





o, 


1 





0,0 





1] 


(1,2,3,4,5,7,9,11,13,8,4, 7) 


(1 


1 


1 


1 


1 


2,2,2,2 


2 


3 


3) 


-6 


(4,7) 


[0 


1 





1 


o, 


0,1 





o] 


(1,1,1,2,3,5,7,9,12,8,4,7) 


(1 








1 


1 


2,2,2,3 


3 


3 


3) 


2 


(4,7) 


[0 


1 


1, 








0,0 


1 


o] 


(1,1,1,2,4,6,8,10,12,8,4, 7) 


(1 








1 


2 


2,2,2,2 


3 


3 


3) 





(4,7) 


[0 


2 











0,0 





1] 


(1,1,1,3,5,7,9,11,13,8,4, 7) 


(1 








2 


2 


2,2,2,2 


2 


3 


3) 


-2 


(4,7) 


[1 














2,0 





o] 


(1,1,2,3,4,5,6,9,12,8,4,7) 


(1 





1, 


1 


1 


1,1,3,3 


3 


3 


3) 


2 


(4,7) 


[1 











1, 


0,1 





o] 


(1,1,2,3,4,5,7,9,12,8,4,7) 


(1 





1, 


1 


1 


1,2,2,3 


3 


3 


3) 





(4,7) 


[1 








1 





0,0 


1 


o] 


(1,1,2,3,4,6,8,10,12,8,4, 7) 


(1 





1, 


1 


1, 


2,2,2,2 


3 


3 


3) 


-2 


(4,7) 


[1 





1 





o, 


0,0 





1] 


(1,1,2,3,5,7,9,11,13,8,4, 7) 


(1 





1 


1 


2 


2,2,2,2 


2 


3 


3) 


-4 


(4,7) 


[0 














0,2 





1] 


(1,2,3,4,5,6,7,8,11,7,4,7) 


(1 


1 


1, 


1 


1, 


1,1,1,3 


3 


4, 


3) 


2 


(4,7) 


[0 














1,0 


1 


1] 


(1,2,3,4,5,6,7,9,11,7,4,7) 


(1 


1 


1 


1 


1 


1,1,2,2 


3 


4, 


3) 





(4,7) 


[0 











1 


0,0 





2] 


(1,2,3,4,5,6,8,10,12,7,4, 7) 


(1 


1 


1, 


1 


1 


1,2,2,2 


2 


4, 


3) 


-2 


(4,7) 


[0 


1 


1 








0,0 





2] 


(1,1,1,2,4,6,8,10,12,7,4, 7) 


(1 








1 


2 


2,2,2,2 


2 


4, 


3) 


2 


(4,7) 


[1 











1 


0,0 


1 


1] 


(1,1,2,3,4,5,7,9,11,7,4,7) 


(1 





1, 


1 


1 


1,2,2,2 


3 


4, 


3) 


2 


(4,7) 


[1 








1 





0,0 





2] 


(1,1,2,3,4,6,8,10,12,7,4, 7) 


(1 





1 


1 


1 


2,2,2,2 


2 


4 


3) 
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Level 


Ag weights 


E 12 Root 


E 12 Root 


Root length 


(m 9 ,m 10 ) 




(cti basis) 


(e.i basis) 


squared 


(0,0) 


[1,0,0,0,0,0,0,0,0] 


(1,0,0,0,0,0,0,0,0,0,0,0) 


(1,-1,0,0,0,0,0,0,0,0,0,0) 


2 


(1.0) 


[0,0,0,0,0,0,0,0,1] 


(1,1,1,1,1,1,1,1,1,1,0,0) 


(1,0,0,0,0,0,0,0,0,0,-1,0) 


2 


(1.1) 


[0,0,0,0,0,0,0,0,1] 


(1,1,1,1,1,1,1,1,1,1,1,0) 


(1,0,0,0,0,0,0,0,0,0,0,-1) 


2 


(2,1) 


[0,0,0,0,0,0,1,0,0] 


(1,1,1,1,1,1,1,1,2,2,1,1) 


(1,0,0,0,0,0,0,0,1,1,0,0) 


2 


(3,1) 


[0,0,0,0,1,0,0,0,0] 


(1,1,1,1,1,1,2,3,4,3,1,2) 


(1,0,0,0,0,0,1,1,1,1,0,1) 


2 


(3,2) 


[0,0,0,0,1,0,0,0,0] 


(1,1,1,1,1,1,2,3,4,3,2,2) 


(1,0,0,0,0,0,1,1,1,1,1,0) 


2 


(4,1) 


[0,0,1,0,0,0,0,0,0] 


(1,1,1,1,2,3,4,5,6,4,1,3) 


(1,0,0,0,1,1,1,1,1,1,0,2) 


2 


(4,2) 


[0,0,1,0,0,0,0,0,0] 


(1,1,1,1,2,3,4,5,6,4,2,3) 


(1,0,0,0,1,1,1,1,1,1,1,1) 





(4,2) 


[0,0,0,1,0,0,0,0,1] 


(1,1,1,1,1,2,3,4,5,4,2,2) 


(1,0,0,0,0,1,1,1,1,1,0,0) 


2 


(4,3) 


[0,0,1,0,0,0,0,0,0] 


(1,1,1,1,2,3,4,5,6,4,3,3) 


(1,0,0,0,1,1,1,1,1,1,2,0) 


2 


(5,1) 


[1,0,0,0,0,0,0,0,0] 


(1,1,2,3,4,5,6,7,8,5,1,4) 


(1,0,1,1,1,1,1,1,1,1,0,3) 


2 


(5,2) 


[1,0,0,0,0,0,0,0,0] 


(1,1,2,3,4,5,6,7,8,5,2,4) 


(1,0,1,1,1,1,1,1,1,1,1,2) 


-2 


(5,2) 


[0,0,1,0,0,0,0,1,0] 


(1,1,1,1,2,3,4,5,6,5,2,3) 


(1,0,0,0,1,1,1,1,1,2,0,1) 


2 


(5,2) 


[0,1,0,0,0,0,0,0,1] 


(1,1,1,2,3,4,5,6,7,5,2,3) 


(1,0,0,1,1,1,1,1,1,1,0,1) 





(5,3) 


[1,0,0,0,0,0,0,0,0] 


(1,1,2,3,4,5,6,7,8,5,3,4) 


(1,0,1,1,1,1,1,1,1,1,2,1) 


-2 


(5,3) 


[0,0,1,0,0,0,0,1,0] 


(1,1,1,1,2,3,4,5,6,5,3,3) 


(1,0,0,0,1,1,1,1,1,2,1,0) 


2 


(5,3) 


[0,1,0,0,0,0,0,0,1] 


(1,1,1,2,3,4,5,6,7,5,3,3) 


(1,0,0,1,1,1,1,1,1,1,1,0) 





(5,4) 


[1,0,0,0,0,0,0,0,0] 


(1,1,2,3,4,5,6,7,8,5,4,4) 


(1,0,1,1,1,1,1,1,1,1,3,0) 


2 


(6,2) 


[0,0,0,0,0,0,0,0,1] 


(1,2,3,4,5,6,7,8,9,6,2,4) 


(1,1,1,1,1,1,1,1,1,1,0,2) 


-2 


(6,2) 


[0,1,0,0,0,0,1,0,0] 


(1,1,1,2,3,4,5,6,8,6,2,4) 


(1,0,0,1,1,1,1,1,2,2,0,2) 


2 


(6,2) 


[1,0,0,0,0,0,0,1,0] 


(1,1,2,3,4,5,6,7,8,6,2,4) 


(1,0,1,1,1,1,1,1,1,2,0,2) 





(6,2) 


[1,0,0,0,0,0,0,0,2] 


(1,1,2,3,4,5,6,7,8,6,2,3) 


(1,0,1,1,1,1,1,1,1,1,-1,1) 


2 


(6,3) 


[0,0,0,0,0,0,0,0,1] 


(1,2,3,4,5,6,7,8,9,6,3,4) 


(1,1,1,1,1,1,1,1,1,1,1,1) 


-4 


(6,3) 


[0,0,1,0,0,1,0,0,0] 


(1,1,1,1,2,3,4,6,8,6,3,4) 


(1,0,0,0,1,1,1,2,2,2,1,1) 


2 


(6,3) 


[0,1,0,0,0,0,1,0,0] 


(1,1,1,2,3,4,5,6,8,6,3,4) 


(1,0,0,1,1,1,1,1,2,2,1,1) 





(6,3) 


[1,0,0,0,0,0,0,1,0] 


(1,1,2,3,4,5,6,7,8,6,3,4) 


(1,0,1,1,1,1,1,1,1,2,1,1) 


-2 


(6,3) 


[0,1,0,0,0,0,0,1,1] 


(1,1,1,2,3,4,5,6,7,6,3,3) 


(1,0,0,1,1,1,1,1,1,2,0,0) 


2 


(6,3) 


[1,0,0,0,0,0,0,0,2] 


(1,1,2,3,4,5,6,7,8,6,3,3) 


(1,0,1,1,1,1,1,1,1,1,0,0) 





(6,4) 


[0,0,0,0,0,0,0,0,1] 


(1,2,3,4,5,6,7,8,9,6,4,4) 


(1,1,1,1,1,1,1,1,1,1,2,0) 


-2 


(6,4) 


[0,1,0,0,0,0,1,0,0] 


(1,1,1,2,3,4,5,6,8,6,4,4) 


(1,0,0,1,1,1,1,1,2,2,2,0) 


2 


(6,4) 


[1,0,0,0,0,0,0,1,0] 


(1,1,2,3,4,5,6,7,8,6,4,4) 


(1,0,1,1,1,1,1,1,1,2,2,0) 





(6,4) 


[1,0,0,0,0,0,0,0,2] 


(1,1,2,3,4,5,6,7,8,6,4,3) 


(1,0,1,1,1,1,1,1,1,1,1,-1) 


2 


(7,2) 


[0,0,0,0,0,0,1,0,0] 


(1,2,3,4,5,6,7,8,10,7,2,5) 

\ * 7 3 7 3 7 "717 7 7/ 


(1,1,1,1,1,1,1,1,2,2,0,3) 





(7,2) 


[1,0,0,0,0, 1,0,0,0] 


(1,1,2,3,4,5,6,8,10,7,2,5) 

V ) ' 3 ' 3 ' 7 ' 7 1 3 / 


(1,0,1,1,1,1,1,2,2,2,0,3) 


2 


(7,2) 


0,0,0,0,0,0,0,1,1 

\_ 1 7 7 7 7 7 7 7 J 


(1,2,3,4,5,6,7,8,9,7,2,4) 


(1,1,1,1,1,1,1,1,1,2,-1,2) 

\7777777777 7/ 


2 


(7,3) 


[0,0,0,0,0,0,1,0,0] 


(1,2,3,4,5,6,7,8,10,7,3,5) 


(1,1,1,1,1,1,1,1,2,2,1,2) 


-4 


(7,3) 


[0,0,1,1,0,0,0,0,0] 


(1,1,1,1,2,4,6,8,10,7,3,5) 

\ 3 7 3 7 3 5") 7 3 7 3 / 


(1,0,0,0, 1,2,2,2,2,2, 1,2) 


2 


(7,3) 


[0,1,0,0,1,0,0,0,0] 


(1,1,1,2,3,4,6,8,10,7,3,5) 

\ 7 7 7 7 7 7 7 7 7 7 7 / 


(1,0,0,1,1,1,2,2,2,2,1,2) 





(7,3) 


[1,0,0,0,0,1,0,0,0] 


(1,1,2,3,4,5,6,8,10,7,3,5) 


(1,0,1,1,1,1,1,2,2,2,1,2) 


-2 


(7,3) 


[0,0,0,0,0,0,0,1,1] 


(1,2,3,4,5,6,7,8,9,7,3,4) 


(1,1,1,1,1,1,1,1,1,2,0,1) 


-2 


(7,3) 


[0,1,0,0,0,1,0,0,1] 


(1,1,1,2,3,4,5,7,9,7,3,4) 


(1,0,0,1,1,1,1,2,2,2,0,1) 


2 


(7,3) 


[1,0,0,0,0,0,0,2,0] 


(1,1,2,3,4,5,6,7,8,7,3,4) 


(1,0,1,1,1,1,1,1,1,3,0,1) 


2 


(7,3) 


[1,0,0,0,0,0,1,0,1] 


(1,1,2,3,4,5,6,7,9,7,3,4) 


(1,0,1,1,1,1,1,1,2,2,0,1) 





(7,3) 


[0,0,0,0,0,0,0,0,3] 


(1,2,3,4,5,6,7,8,9,7,3,3) 


(1,1,1,1,1,1,1,1,1,1,-1,0) 


2 


(7,4) 


[0,0,0,0,0,0,1,0,0] 


(1,2,3,4,5,6,7,8,10,7,4,5) 


(1,1,1,1,1,1,1,1,2,2,2,1) 


-4 


(7,4) 


[0,0,1,1,0,0,0,0,0] 


(1,1,1,1,2,4,6,8,10,7,4,5) 


(1,0,0,0,1,2,2,2,2,2,2,1) 


2 


(7,4) 


[0,1,0,0,1,0,0,0,0] 


(1,1,1,2,3,4,6,8,10,7,4,5) 


(1,0,0,1,1,1,2,2,2,2,2,1) 
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Level 






A 


> wei 


ghts 






E\2 Root 




E 12 Root 




Root length 


(mg,m 10 ) 




















{ai basis) 




(ei basis) 




squared 


(7,4) 


[1 














1 








0] 


(1,1,2,3,4,5,6,8,10,7,4,5) 


(1,0,1,1,1,1,1,2,2,2,2 


1) 


-2 


(7,4) 


[0 




















1 


1] 


(1,2,3,4,5,6,7,8,9,7,4,4) 


(1,1,1,1,1,1,1,1,1,2,1 


0) 


-2 


(7,4) 


[0 


1 











1 








1] 


(1,1,1,2,3,4,5,7,9,7,4,4) 


(1,0,0,1,1,1,1,2,2,2,1 


0) 


2 


(7,4) 


[1 




















2 


o] 


(1,1,2,3,4,5,6,7,8,7,4,4) 


(1,0,1,1,1,1,1,1,1,3,1 


0) 


2 


(7,4) 


[1 

















1 





1] 


(1,1,2,3,4,5,6,7,9,7,4,4) 


(1,0,1,1,1,1,1,1,2,2,1 


0) 





(7,4) 


[0 























3] 


(1,2,3,4,5,6,7,8,9,7,4,3) 


(1,1,1,1,1,1,1,1,1,1,0, 


-1) 


2 


(7,5) 


[0 

















1 





0] 


(1,2,3,4,5,6,7,8,10/ 


',5,5) 


(1,1,1,1,1,1,1,1,2,2,3 


0) 





(7,5) 


[1 














1 








0] 


(1,1,2,3,4,5,6,8,10,7,5,5) 


(1,0,1,1,1,1,1,2,2,2,3 


0) 


2 


(7, 5) 


[0 




















1 


1] 


(1,2,3,4,5,6,7,8,9,7 


,5,4) 


(1,1,1,1,1,1,1,1,1,2,2, 


-1) 


2 


(8,2) 


[0 











1 











o] 


(1,2,3,4,5,6,8,10,12, 


8,2,6) 


(1,1,1,1,1,1,2,2,2,2,0 


4) 


2 


(8,3) 


[0 











1 











0] 


(1,2,3,4,5,6,8,10,12, 


8,3,6) 


(1,1,1,1,1,1,2,2,2,2,1 


3) 


-4 


(8,3) 


[0 


1 


1, 

















o] 


(1,1,1,2,4,6,8,10,12, 


8,3,6) 


(1,0,0,1,2,2,2,2,2,2,1 


3) 





(8,3) 


[1 








1 














o] 


(1,1,2,3,4,6,8,10,12, 


8,3,6) 


(1,0,1,1,1,2,2,2,2,2,1 


3) 


-2 


(8,3) 


[0 











o, 





1 


1 


o] 


(1,2,3,4,5,6,7,8,10/ 


5,3,5) 


(1,1,1,1,1,1,1,1,2,3,0 


2) 





(8,3) 


[0 














1 








1] 


(1,2,3,4,5,6,7,9,11/ 


5,3,5) 


(1,1,1,1,1,1,1,2,2,2,0 


2) 


-2 


(8,3) 


[0 


1 





1 














1] 


(1,1,1,2,3,5,7,9,11/ 


5,3,5) 


(1,0,0,1,1,2,2,2,2,2,0 


2) 


2 


(8,3) 


[1 














1 





1 


0] 


(1,1,2,3,4,5,6,8,10/ 


5,3,5) 


(1,0,1,1,1,1,1,2,2,3,0 


2) 


2 


(8,3) 


[1 





o, 





1, 











1] 


(1,1,2,3,4,5,7,9,11/ 


5,3,5) 


(1,0,1,1,1,1,2,2,2,2,0 


2) 





(8,3) 


[0 

















1 





2] 


(1,2,3,4,5,6,7,8,10/ 


5,3,4) 


(1,1,1,1,1,1,1,1,2,2,-1 


,1) 


2 


(8,4) 


[0 











1 











0] 


(1,2,3,4,5,6,8,10,12, 


8,4,6) 


(1,1,1,1,1,1,2,2,2,2,2 


2) 


-6 


(8,4) 


[o 


1 


1 

















o] 


(1,1,1,2,4,6,8,10,12, 


8,4,6) 


(1,0,0,1,2,2,2,2,2,2,2 


2) 


-2 


(8,4) 


[1 








1 











o, 


0] 


(1,1,2,3,4,6,8,10,12, 


8,4,6) 


(1,0,1,1,1,2,2,2,2,2,2 


2) 


-4 


(8,4) 


[0 

















1 


1 


o] 


(1,2,3,4,5,6,7,8,10/ 


5,4,5) 


(1,1,1,1,1,1,1,1,2,3,1 


1) 


-2 


(8,4) 


[0 














1 








1] 


(1,2,3,4,5,6,7,9,11/ 


5,4,5) 


(1,1,1,1,1,1,1,2,2,2,1 


1) 


-4 


(8,4) 


[0 





2 

















1] 


(1,1,1,1,3,5,7,9,11/ 


5,4,5) 


(1,0,0,0,2,2,2,2,2,2,1 


1) 


2 


(8,4) 


[0 


1 








1 








1 


0] 


(1,1,1,2,3,4,6,8,10/ 


5,4,5) 


(1,0,0,1,1,1,2,2,2,3,1 


1) 


2 


(8,4) 


[o 


1 





1 














1] 


(1,1,1,2,3,5,7,9,11/ 


5,4,5) 


(1,0,0,1,1,2,2,2,2,2,1 


1) 





(8,4) 


[1 

















2 





o] 


(1,1,2,3,4,5,6,7,10/ 


5,4,5) 


(1,0,1,1,1,1,1,1,3,3,1 


1) 


2 


(8,4) 


[1 














1 





1 


o] 


(1,1,2,3,4,5,6,8,10/ 


5,4,5) 


(1,0,1,1,1,1,1,2,2,3,1 


1) 





(8,4) 


[1 











1, 











1] 


(1,1,2,3,4,5,7,9,11/ 


5,4,5) 


(1,0,1,1,1,1,2,2,2,2,1 


1) 


-2 


(8,4) 


[o 




















2 


1] 


(1,2,3,4,5,6,7,8,9,8 


,4,4) 


(1,1,1,1,1,1,1,1,1,3,0 


0) 


2 


(8,4) 


[0 

















1, 





2] 


(1,2,3,4,5,6,7,8,10/ 


5,4,4) 


(1,1,1,1,1,1,1,1,2,2,0 


0) 





(8,4) 


[1 














1 








2] 


(1,1,2,3,4,5,6,8,10,8,4,4) 


(1,0,1,1,1,1,1,2,2,2,0 


0) 


2 


(8,5) 


[0 











1 











0] 


(1,2,3,4,5,6,8,10,12, 


8,5,6) 


(1,1,1,1,1,1,2,2,2,2,3 


1) 


-4 


(8,5) 


[0 


1 


1, 

















0] 


(1,1,1,2,4,6,8,10,12, 


8,5,6) 


(1,0,0,1,2,2,2,2,2,2,3 


1) 





(8,5) 


[1 








1 














o] 


(1,1,2,3,4,6,8,10,12, 


8,5,6) 


(1,0,1,1,1,2,2,2,2,2,3 


1) 


-2 


(8,5) 


[o 

















1 


1 


o] 


(1,2,3,4,5,6,7,8,10/ 


5,5,5) 


(1,1,1,1,1,1,1,1,2,3,2 


0) 





(8,5) 


[o 














1 








1] 


(1,2,3,4,5,6,7,9,11/ 


5,5,5) 


(1,1,1,1,1,1,1,2,2,2,2 


0) 


-2 


(8,5) 


[0 


1 





1 














1] 


(1,1,1,2,3,5,7,9,11/ 


5,5,5) 


(1,0,0,1,1,2,2,2,2,2,2 


0) 


2 


(8,5) 


[1 














1 





1 


o] 


(1,1,2,3,4,5,6,8,10/ 


5,5,5) 


(1,0,1,1,1,1,1,2,2,3,2 


0) 


2 


(8,5) 


[1 











1 











1] 


(1,1,2,3,4,5,7,9,11/ 


5,5,5) 


(1,0,1,1,1,1,2,2,2,2,2 


0) 





(8,5) 


[0 

















1 





2] 


(1,2,3,4,5,6,7,8,10/ 


5,5,4) 


(1,1,1,1,1,1,1,1,2,2,1, 


-1) 


2 


(8,6) 


[0 











1 











0] 


(1,2,3,4,5,6,8,10,12, 


8,6,6) 


(1,1,1,1,1,1,2,2,2,2,4 


0) 


2 


(9,3) 


[0 





1 

















0] 


(1,2,3,4,6,8,10,12,14,9,3,7) 


(1,1,1,1,2,2,2,2,2,2,1 


4) 


-4 


(9,3) 


[1 


1 




















o] 


(1,1,2,4,6,8,10,12,14,9,3,7) 


(1,0,1,2,2,2,2,2,2,2,1 


4) 


-2 


(9,3) 


[o 














1 


1 





o] 


(1,2,3,4,5,6,7,9,12,9,3,6) 


(1,1,1,1,1,1,1,2,3,3,0 


3) 


2 


(9,3) 


[0 











1 








1 


o] 


(1,2,3,4,5,6,8,10,12,9,3,6) 


(1,1,1,1,1,1,2,2,2,3,0 


3) 
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Level 






A 


> wei 


ghts 






E\2 Root 


E 12 Root 








Root length 


(m 9 ,TOi ) 




















(cti basis) 


(ej basis) 








squared 


(9,3) 


[0 








1 














1] 


(1,2,3,4,5,7,9,11,13,9,3,6) 


(1,1,1,1,1,2,2,2,2 


2 





3) 


-2 


(9,3) 


[0 


2 




















1] 


(1,1,1,3,5,7,9,11,13,9,3,6) 


(1,0,0,2,2,2,2,2,2 


2 





3) 


2 


(9,3) 


[1 








1 











1 


o] 


(1,1,2,3,4,6,8,10,12,9,3,6) 


(1,0,1,1,1,2,2,2,2 


3 





3) 


2 


(9,3) 


[1 





1, 

















1] 


(1,1,2,3,5,7,9,11,13,9,3,6) 


(1,0,1,1,2,2,2,2,2 


2 





3) 





(9,3) 


[0 











1 











2] 


(1,2,3,4,5,6,8,10,12,9,3,5) 


(1,1,1,1,1,1,2,2,2, 


2. 




,2) 


2 


(9,4) 


[0 





1 

















0] 


(1,2,3,4,6,8,10,12,14,9,4, 7) 


(1,1,1,1,2,2,2,2,2 


2 


2 


3) 


-8 


(9,4) 


[1 


1 




















o] 


(1,1,2,4,6,8,10,12,14,9,4, 7) 


(1,0,1,2,2,2,2,2,2 


2 


2 


3) 


-6 


(9,4) 


[o 














1 


1 





0] 


(1,2,3,4,5,6,7,9,12,9,4,6) 


(1,1,1,1,1,1,1,2,3 


3 


1 


2) 


-2 


(9,4) 


[0 











1 








1 


o] 


(1,2,3,4,5,6,8,10,12,9,4,6) 


(1,1,1,1,1,1,2,2,2 


3 


1 


2) 


-4 


(9,4) 


[0 








1 














1] 


(1,2,3,4,5,7,9,11,13,9,4,6) 


(1,1,1,1,1,2,2,2,2 


2 


1 


2) 


-6 


(9,4) 


[0 


1 





1 








1 





0] 


(1,1,1,2,3,5,7,9,12,9,4,6) 


(1,0,0,1,1,2,2,2,3 


3 


1 


2) 


2 


(9,4) 


[0 


1 


1, 














1 


0] 


(1,1,1,2,4,6,8,10,12,9,4,6) 


(1,0,0,1,2,2,2,2,2 


3 


1 


2) 





(9,4) 


[o 


2 








o, 











1] 


(1,1,1,3,5,7,9,11,13,9,4,6) 


(1,0,0,2,2,2,2,2,2 


2 


1 


2) 


-2 


(9,4) 


[1 














2 








o] 


(1,1,2,3,4,5,6,9,12,9,4,6) 


(1,0,1,1,1,1,1,3,3 


3 


1 


2) 


2 


(9,4) 


[1 











1, 





1 





o] 


(1,1,2,3,4,5,7,9,12,9,4,6) 


(1,0,1,1,1,1,2,2,3 


3 


1 


2) 





(9,4) 


[1 








1 











1 


o] 


(1,1,2,3,4,6,8,10,12,9,4,6) 


(1,0,1,1,1,2,2,2,2 


3 


1 


2) 


-2 


(9,4) 


[1 





1, 

















1] 


(1,1,2,3,5,7,9,11,13,9,4,6) 


(1,0,1,1,2,2,2,2,2 


2 


1 


2) 


-4 


(9,4) 


[0 

















2 





1] 


(1,2,3,4,5,6,7,8,11,9,4,5) 


(1,1,1,1,1,1,1,1,3 


3 





1) 


2 


(9,4) 


[0 














1 





1 


1] 


(1,2,3,4,5,6,7,9,11,9,4,5) 


(1,1,1,1,1,1,1,2,2 


3 





1) 





(9,4) 


[0 











1 











2] 


(1,2,3,4,5,6,8,10,12,9,4,5) 


(1,1,1,1,1,1,2,2,2 


2 





1) 


-2 


(9,4) 


[o 


1 


1 

















2] 


(1,1,1,2,4,6,8,10,12,9,4,5) 


(1,0,0,1,2,2,2,2,2 


2 





1) 


2 


(9,4) 


[1 











1, 








1 


1] 


(1,1,2,3,4,5,7,9,11,9,4,5) 


(1,0,1,1,1,1,2,2,2 


3 





1) 


2 


(9,4) 


[1 








1 














2] 


(1,1,2,3,4,6,8,10,12,9,4,5) 


(1,0,1,1,1,2,2,2,2 


2 





1) 





(9,5) 


[0 





1 

















0] 


(1,2,3,4,6,8,10,12,14,9,5,7) 


(1,1,1,1,2,2,2,2,2 


2 


3 


2) 


-8 


(9,5) 


[1 


1 




















o] 


(1,1,2,4,6,8,10,12,14,9,5,7) 


(1,0,1,2,2,2,2,2,2 


2 


3 


2) 


-6 


(9,5) 


[o 














1 


1 





o] 


(1,2,3,4,5,6,7,9,12,9,5,6) 


(1,1,1,1,1,1,1,2,3 


3 


2 


1) 


-2 


(9,5) 


[0 











1 








1 


0] 


(1,2,3,4,5,6,8,10,12,9,5,6) 


(1,1,1,1,1,1,2,2,2 


3 


2 


1) 


-4 


(9,5) 


[0 








1 














1] 


(1,2,3,4,5,7,9,11,13,9,5,6) 


(1,1,1,1,1,2,2,2,2 


2 


2 


1) 


-6 


(9,5) 


[0 


1 





1 








1 





o] 


(1,1,1,2,3,5,7,9,12,9,5,6) 


(1,0,0,1,1,2,2,2,3 


3 


2 


1) 


2 


(9,5) 


[0 


1 


1, 














1 


0] 


(1,1,1,2,4,6,8,10,12,9,5,6) 


(1,0,0,1,2,2,2,2,2 


3 


2 


1) 





(9,5) 


[0 


2 




















1] 


(1,1,1,3,5,7,9,11,13,9,5,6) 


(1,0,0,2,2,2,2,2,2 


2 


2 


1) 


-2 


(9,5) 


[1 














2 








0] 


(1,1,2,3,4,5,6,9,12,9,5,6) 


(1,0,1,1,1,1,1,3,3 


3 


2 


1) 


2 


(9,5) 


[1 











1, 





1 





o] 


(1,1,2,3,4,5,7,9,12,9,5,6) 


(1,0,1,1,1,1,2,2,3 


3 


2 


1) 





(9,5) 


[1 








1 











1 


o] 


(1,1,2,3,4,6,8,10,12,9,5,6) 


(1,0,1,1,1,2,2,2,2 


3 


2 


1) 


-2 


(9,5) 


[1 





1, 

















1] 


(1,1,2,3,5,7,9,11,13,9,5,6) 


(1,0,1,1,2,2,2,2,2 


2 


2 


1) 


-4 


(9,5) 


[o 

















2 





1] 


(1,2,3,4,5,6,7,8,11,9,5,5) 


(1,1,1,1,1,1,1,1,3 


3 


1 


0) 


2 


(9,5) 


[o 














1 





1 


1] 


(1,2,3,4,5,6,7,9,11,9,5,5) 


(1,1,1,1,1,1,1,2,2 


3 


1 


0) 





(9,5) 


[0 











1 











2] 


(1,2,3,4,5,6,8,10,12,9,5,5) 


(1,1,1,1,1,1,2,2,2 


2 


1 


0) 


-2 


(9,5) 


[0 


1 


1, 





o, 





o, 





2] 


(1,1,1,2,4,6,8,10,12,9,5,5) 


(1,0,0,1,2,2,2,2,2 


2 


1 


0) 


2 


(9,5) 


[1 











1 








1 


1] 


(1,1,2,3,4,5,7,9,11,9,5,5) 


(1,0,1,1,1,1,2,2,2 


3 


1 


0) 


2 


(9,5) 


[1 








1 














2] 


(1,1,2,3,4,6,8,10,12,9,5,5) 


(1,0,1,1,1,2,2,2,2 


2 


1 


0) 






Table A. 3 Low level weights in the IIB supergravity decomposition of the h representation of En (continued) 
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